Yi Huang Friday 6 January 2012

Based on pages 2-4 of “Introduction to the Weil Conjectures”, by Runar Ile.

Let k be a finite field of order |k| = g = p®, where p is prime, and let k be the algebraic
closure of k For m € Z, let k;; be the unique field extension of k such that

[k = k] = m.
Then |k | = g™ and
k=1ky CkyCk.
Let -
X C kPP

be a projective variety defined by equations with coefficients in k. For m € Z-, let
X (k) be the set of points in X with coordinates in ky,, and let

N = [ X (k)| < [
The zeta function of X over k is given by the formal power series

[e) tm
Z(X,t) :==exp Y Np— €1 +t-Q[[t]]- (1)
m=1
Note that this is a transformation of the usual zeta function, with t = q*:
00 —s\m
0(X,s):=exp ) Nm%. ()

m=1

Theorem 1 (Weil conjectures): Assume that X is nonsingular and d-dimensional.

1. (Rationality) There exist P, Q € Q[t] such that
P(t)
Z(X,t) = —=.
0= Q)

2. (Poincaré duality) Let x be the Euler characteristic of X. Then
LR W Y
Z(X, th> = +g™20X7(X, 1). 3)

3. (Riemann hypothesis)
_ Di(t) - P3(t) - - Poga(t)
B 0N AOR 0N @

where
[ ]
Py(t):=1—t,  Py:=1—¢gt
e Forr=1,2,...,2d — 1,
Br
P(t) = [ J(1 — apjt),

j=1
for some B, € Z>, and for some a1, ..., & p,, where

=g, j=12,...,B

|“r,j

INote that k must be infinite.



In particular, the roots of Py (as a function of s) lie on the critical line

{SEC:Re(s)zg}. )
4. (Betti numbers) Forr =1,2,...,2d — 1, our B is the rth Betti number of X, i.e.
Br = rank H,(X). (6)
We might discuss the remainder of this conjecture another day. Note that
rank H,(X) := rank H,(X,Z) = rank H,(X, Q), (7)

which follows from the universal coefficient theorem.

Example.
X = kP? = 1 OAf 8)
Then
X(km) = L OA] C X, )
>0 (d+1)
_ am _ 9" =1
Nm —1+qm+...+q "= qm——l
Note that d+1
\ {0}
X(km) = k—x' (10)
m

where k,; acts on A,‘f’:l \ {0} by multiplication. It can be show that the Betti num-

bers are

_[1, r=0,2,...,2d
rank H,(X) = {O, otherwise, (11)

and so x = d + 1. Let’s run through the conjectures for this example.

1. In this case,

_ AR « m an " e ()"
Z(X,t) = epoNm = 21+q +...+q )Z—expzz o
m=1 j=0m=1
: a1 P(t)
= ex —log(l—g¢'t) = — = , (12)
p];) g(1—q't) ].111—th o)

where P(t) =1 € Q[t] and Q(t) =1 — ¢/t € Q[t].
2. From equation (12),
Ly _ T 7\ _q
z(x, =) =TT1(1- "'
< th> g ( th> H;?:O(qlt - 1)
= g X/ 2XZ (X, 1),

d(d+1)/2td+1
— (_1)d+1qd(d+1)/2td+lz(xl t)

since x =d + 1.

3. Now Z(X,t) is in the form of the Riemann hypothesis:
Pi(t) - Ps(t) - - Poga ()
Po(t) - Pa(t) - - - Paa(t)

2Intuitively, this is because CIP? is the disjoint union of a 0-cell, a 2-cell, ..., and a 2d-cell, now regarding it as a real manifold.

Z(X,t) =




We now compute fBy,...,B-1. Perhaps the most elegant way to see that no
cancellation may occur here is to define

,BO = ,BZd = 1/ “O,l = 1/ 0‘2(1,1 = qd/ (13)
so that, forr =0,1,...,2d,

Br
P(t) = (1 —aypt),

j=1
where
il =42, j=12...,p
Since there can be no cancellation, we use the equation
ﬁ 1 _ Py(t) - P5(t) - Poy1(t) (14)
iol—git  Po(t) - Pa(t) - - - Pol(t)
to deduce the following;:

e Forr=1,3,...,2d — 1,

P()y=1 - B =0. (15)

e Forr=2,4,...,2d — 2,
Br =1 (16)

4. Thus, we see that
Br = rank H,(X), r=1,2,...,2d — 1.

We also want to know whether or not the k;,, embed into one another.

Lemma 2: k,, C ky, if and only if m | n.

Proof. Define
F:k—k

x — x7,
a Frobenius endomorphismﬂ In this case F is an automorphism: injective because k
is an integral domain and surjective because k is algebraically closed.

Form € Z~,,

km={zek:2" =z}, (17)
since C follows from |k;;| = g™ — 1 and D then follows from there being at most 4"
solutions to equation (17). Thus, if m|n then k;, C k.

Conversely, assume that m does not divide n. Assume, for the sake of contradiction,
that k,, C k. Then there existt € Z>pand r € {1,2,...,m — 1} such that

n=tm-+r.
Thus, if x € ky, then x € k; also, in which case (using the fact that F'" is bijective)
F"(x) = x = F"(x) = F"F"(x) = x = F'(x). (18)

3t is easy to check that F is a well defined ring homomorphism.



This yields g™ distinct solutions to the degree g polynomial x7 — x, which is impos-
sible. Thus, m|n.

Hence, k, C ky if and only if m|n. Now we see that k,, embeds into k, if and only if

m|n, since k contains precisely one isomorphic copy of k;, namely the one defined in
equation (17). O

Thus 00
kqll - qul C kqsz Cc...C Um:lkqm’- (19)

We can show that kg = U ko = U kgn is algebraically closed, thereby provid-
ing an explicit construction for the algebraic closure.

Proof. It’s easy to check that it’s a field. Let g(X) € k;~[X] be non-constant. To show:
g(X) has a root. There exists n € Z-g such that g(X) € ku[X]. The spliting field

of g(X) € kyu[X] is a finite extensionEI of k.m[X], and is therefore kg [X] for some

e € Z~p. So g(X) decomposes into linear factors, and therefore has a root. O
Henceforth, B
In other words, _

F, = US_;Fgn. (1)
The Weil conjectures for Grassmannians Trithang Tran and Yi Huang

Definition 3: Fix a field F. The Grassmannian Gr(m,n) (or Gr(m,n)(IF) if we want to
specify IF) as a set is the set of m-dimensional vector subspaces of F".

We can topologise Gr(m,n) as follows. An m-frame in F" is an m-tuple of linearly
independent vectors in [F". Let V,,,(IF") be the collection of m-frames in IF". This is an
open subset of F" x ... x F" (m times). Consider the canonical map

q: V(") — Gr(m,n)
that sends a frame to the subspace it spans. We can use g to give Gr(m, n) the quotient
topology

In order to check that Gr(m, n) satisfies the Weil conjectures we need to first compute
its zeta function. To do this we need to compute |Gr(m, n)(IF,)|.

We first give a cell decomposition of Gr(m,n)(IF) for any field F: the datum of an
m-dimensional subspace of IF" may be represented by m linearly independent vectors
in [F" by taking an element of its g preimage. This basis for the given subspace may

4The splitting field is always a finite extension. By the explicit construction, one can show that the degree is at most d!, where
d is the degree of the polynomial.
5Specifically, the open sets are of the form g(U), where U is open in V,, (IF").



in turn be written as a m x n matrix with entries in IF, and any two such matrices ob-
tained for the same subspace will have the same reduced row echelon form. Partition
the points of Gr(m,n)(IF) according to the positions of the pivotal 1’s for each point
in the Grassmannian. Since the positions of the leading ones completely determine
all the matrix entries above and to the left of themselves whilst leaving every other
entry free to vary, each set in our partition of Gr(m,n) has a natural bijection with
IF/, for some j such that 0 < j < m(n —m). If we topologise the Grassmanian as
above, this bijection is a homeomorphism, and our partition is a cell-decomposition
of Gr(m,n). This tells us that the dimension d of Gr(m,n) is m(n — m) |

0 0 1 * ... « 0 % ... x 0 * ... =*
0 0 0 0 ... 01 % ... x 0 * ... =*
: *
0 0 0O 0 0O 0 1 = *

Figure 1: An example of a m X n matrix in reduced row echelon form. This corresponds to a particular
cell of dimension equal to the number of *’s, which we can think of as free variables.

For each cell in this decomposition, the number of variable entries for the first to
the (n — m)-th non-pivotal columns is a partition of the dimension j (which is the
number of *’s) of this cell into n — m parts (the rth part is the number of *s in the rth
non-pivotal column), each of size at most m (the number of rows). In particular, the
j-cells of Gr(m, n) are in bijection with the set of length < (n — m) partitions of j with
entries < m. Denoting p(j) as the number of partitions of j into at most n — m parts,
each of size at most m, we have that:

m(n—m)
|Gr(m, n)(IFg)| = Z(;) p()d
]:

As an aside, these cells we have described are called Schubert cells and have a nice
description in terms of Schubert symbols o = (07, . ..,0m) where the 0; essentially keep
track of where the leading entries of our matrix are. A more thorough description
can be found in Chapter 6 of Characteristic Classes by Milnor and Stasheff.

We can now write down the zeta function:

Z(Gr(m,n),t) =exp ) ]Gr(n,m)(IFqi)\%.l

i>1

:expz Z p 1]_

i>1 —
= Z p(j) explog(1 —g/t)*
] 0

1
0 1—qlt) (1—git)p()’

[
:1|

®Importantly, this maximum j = m(n — m) is attained (otherwise it wouldn’t be the dimension), for instance take diag(1,m) €
M, (F). Try to convince yourself that m(n —m) is the maximum, just by playing around with it. Otherwise show that
j=mn—m(m—1)/2—|o|, where ¢ = (oy,..., o) is the Schubert symbol; it then follows easily that j < m(n — m), with
equality only in the example given.



This also proves the rationality part of the Weil conjectures for Gr(m, n).

To prove the second part of the Weil conjectures (functional form), we observe that

p(j) =pd—j), j=01,....4, (22)
since partitions (ay,...,a,) of j correspond to partitions of d — j via the bijectio
(a1, ..., 0n—m) — (M —ay,...,m—ay_y). (23)

Let X := Gr(m,n), and let x be the Euler characteristic of X. We want to show that
1
Z(X,7> = +qN2X 7 (X, 1),
qet

Using the fact that p(j) = p(m(n — m) — j), and noting that

we bash:

Z(X,%) _ d 1d _ tsz(j)cl;j(d—i)P(j?

9t (1 - T [1(tq?=7 —1)r0)
thijP(d—j)

(=D*TL(1 - tqd—i)pld—j)

— (_1)XthZj[(d*]')P(]')JF]'P(]')]/2Z(X,t) = (=1)XXg™/2Z (X, 1).

_ (_1)XthZj].[P(d*j)+P(]')]/2Z(X, t)

For the next part of the Weil conjectures (Riemann hypothesis), we note that our
first computation of the zeta function gives us the required form. Take Py(f) = 1 —
t, Pm(n—m) =1- qm(n—m)t,

p(r)

P(t)=[T(1—q")

j=1
for1 <r < m(n—m)even, and P, =1 for 1 < r < m(n —m) odd. In particular, the
Betti numbers are B, = p(r) for r even, and B, = 0 for r odd.

Lastly, we note that x(Gr(m,n)) = x = Y24,(—1)"B, which is the last part of the
Weil conjectures. Note that this matches with our earlier description of the cellular
structure of the Grassmannian.

Dougal Davis Friday 13 January 2012

Let k be a field of size g = p, where p is prime and ¢ € Z, and let k;, be the field
of size 4" in k. Let X be an algebraic variety defined by polynomials with coefficients

The partitions can have Os at the end. Note the significance of limiting the size of a part to m.



in k and (local) coordinates in kff| Let
X(ky) := {points in X with coordinates in k,, C k}, Ny = | X (kn)|.

The Frobenius
F: X=X

is defined locally by
(a1,...,an) — (a;],ag,. ) .,aZ).
This is well defined locally because if f € k[ay, ..., a,] then

flay, ... an)1 :f(a;’,...,aZ). (24)
Moreover, it can be verified that this map is well defined when overlapping charts are
used. Note that if a € X then a € X(k;,) if and only if F"(a) = a, which follows from
previous Frebenius discussion. Now X(ky,) is the set of fixed points of F”, and N, is
the number of fixed points of F™.

Let us now assume that there is a cohomology theory H*(X) with properties similar
to those of singular cohomology, and see which parts of the Weil conjectures we can
deduce. For simplicity, let us assume that the coefficients are in Q. From the Lefschetz
tixed point formula,

2d

Ny = Y (~1)Te(H' (E™)), (25)

r=0
where H'(F") : H'(X) — H"(X) is the map induced by F" : X — X (via a con-
travariant functor)ﬂ The trace makes sense because it inputs a linear transformation
from a finite-dimensional vector space (over Q) to itself. Now

tm

Z(X,t) = exp Z Nmm

0 ym 2d
= exp Z Z 1)'Tr(H'(F™))

tm
= exp Z(—l) Z ETr(Hr(Fm))
r=0 m=1
Let B, := dim(H" (X)) be the rth Betti number, for r =0,1,...,2d, and let
Br
Py(t) :=det(1—tH'(F)) = [ J(1 — ayt), (26)
j=1
where the &, ; are the (repeated) eigenvalues of H'(F). The second equality may be

more familiar as
Br

det(% - HY(F)> =11 (% - ocr,j>, (27)

j=1

8This is a comment on local coordinates. A wvariety is a type of prevariety. Analagously to manifolds, a prevariety is a ringed
space (whose structure sheaf is a sheaf of k-valued functions) that is locally an affine variety. An affine variety is an irreducible
algebraic set, where an algebraic set is the zero locus of a set of polynomials. Note that the dimension of a variety is the minimum
number of complex coordinates needed to define it locally.

9 According to Nepa, this notation is consistent with standard category theory notation.



since each side is the characteristic polynomial of H"(F ) evaluated at % Note that

Tr(H"(F™)) = Tr(H"(F Z ay. (28)
Now
2d pm Pr pr o ((xr]'t)m
Z(X,t) =exp ZO( Z Z o = exp Z ny ) (29)
r= j=1m=1
_ & s yret _ Pu(t) - Paga(t)
= exp Z(—l) Jg—log — it HPT = R Py(t) (30)

As P.(t) € Q[t] forr =0,1,...,2d, we have proven rationality. We have also shown
the Riemann hypothesis, aside from the fact that |a, ;| = q"’? for all r, j. We have also
shown the Betti number statement. We now derive the functional equation, which
indeed comes from Poincaré duality, which again follows from our rather strong
assumption concerning the existence of a cohomology theory with particular nice
properties.

Given our assumptions, there should be a cup product with the property that if
rec{0,1,...,2d}, f : X — X is continuous, x € H'(X), and x’ € H??~"(X), then

H'(f)(x) U7 () (x) = H*(f)(x U x). (31)

Poincaré duality states the following.

(a) There exists an isomorphism
n:H*(X) — Q. (32)
(b) The map
®: H'(X) - H¥ 7 (X)*
given by
O(x): ¥ = y(xUx), x € H(X),x' € H*7(X)
is an isomorphism, where * denotes the dual vector space.

The following lemma seems plausible, and Dougal seems to think it’s easy enough to
prove.

Lemma 4: Let V be a finite-dimensional vector space, and let
f:Vt =V, g: V=V
be linear transformations such that if w € V* then f(w) = wo g. Then
det(f) = det(g).

Given the above, we proceed to deduce the functional equation. Fix r € {0,1,...,2d},
and define
H,(F) : H(X) — H'(X)

by
H(F)(x)Ux' =xUH*"(F)(x'), xeH'(X), ' eH¥7"(X). (33)



At this stage it is not obvious that equation defines H,(F), but we will later see
that it does. Applying 5 to both sides yields

®(H,(F)(x))(x') = ®(x)(H*"(F)(x')), xeH(X), ¥ € H7(X). (34)
Hence,

®(H,(F)(x)) = ®(x) o H*"(F), x € H'(X). (35)
At this stage, note that applying ®~! to both sides of equation yields
Hy(F)(x) = @7 {(@(x) o H¥'(F)),  x € H'(X), (36)

which shows that H,(F) is defined by equation (33).

Substituting w = ®(x) € H"(x) into equation (35) yields
(® o Hy(F) o ® 1) (w) = wo H*¥"(F).

Now
(®o(1—tH,(F)o® ) (w) = (1—t(®oH0od® 1) (F))(w) (37)
=w—tHwo H*¥ ")(F) =wo (1—tH*"(F)). (38)
Now lemma yieldﬂ
det(® o (1 — tH,(F)) o ®!) = det(1 — tH?*~"(F)) (39)
& det(1 — tH,(F)) = Poy_, (). (40)

If x € H'(X) and x’ € H*~"(X) then, by Poincaré duality,
(H,(F) o H'(F)) (x) U’ = H(F) (x) U H¥~7(F) (') = H¥(F)(x Ux').  (41)

By Poincaré duality, H?*(X) = Q, so H*(F) must act by scalar multiplication; let
deg(F) denote this scalar. We don’t know why, but

deg(F) =¢%,  d:= dim(X). (42)
Now
H,(F)o H'(F) = (degF)I = ¢°1 . H,(F)=q¢"H'(F)~. (43)
Thus,
d P q't
Poy_,(t) = det(1 — tH,(F)) = det(1 — ¢?tH"(F)™!) = -1 44
i-(£) = det(1 - tH,(F)) = det(1 - g <>>]11( o) @
ﬁr dt ) (_ dt)ﬁr 1
— (AT (1= S = ST p (), (45)
( Ear,j( th> Hf;ﬂxrj <q t)
Br
1 (‘_1)ﬁrIIF:1“rJ
Pr( th) = ()P Pag—(t). (46)
Using equation (30),

2d -1 r+1
1 1 )( ) “7)

Z(X,%) :HP,(%

r=0
2d Br _1y+1 2d
= (—q"H=R T ( “r,j>( |
j=1

[1Pur()CV" @8)
r=0 r=0

OPerhaps we need another little lemma here, as well as lemma



2d Br Br (—1)r+1

= @D TT(TTari ] Taors) — -2(XH,  @9)
=1 j=1

r=0

where x is the Euler characteristic of X. From the definition of H,(F), we see that

H,(F) and H?*~"(F) have the same eigenvalues, for r = 0,1,...,2d. Thus, we now
have

1) = i(thV“J ﬁdef<Hr<F>)<—1>’“det<Hr<F>)<—1>’“ ‘Z(X,t)  (50)
r=0

r=0

= i(q‘”)"J lz’dlwdﬁr)(-”r“ L Z(X,t) = (") [qIx - Z(X, 1) (51)

1 _ dx/24x
Z(X, —th> = +q"VHZ(X, 1), (52)
which is the functional equation.

Narthana Epa Friday 20 January 2012

Motivation. Let X be a topological space and let U be an open subset of X. Let F
be a functor sending open sets U into some category ¢. If V < U is an inclusion of
open sets, then the morphism ¢ : 7(U) — F (V) is defined by restricting f — f|y.

Definition 5: A presheaf is a contravariant functor F : TOP(X) — €, where
Ob(TOP(X)) = {U C X | U is open },and

i:V—=UuU ifvcu

@ ifvV g u.

Definition 6 (Presheaf): A sheaf is a presheaf F such that if U C X, and {U;}ic; is an
open cover by subset of U, then

Mor(V,U) = {

B1
F(U) —[[Fuy _—_—~ J] Fuinuy),
kel B2 (ij)el?

where

1. & sends s — [Txey S|u, by the usual restrictions,
2. ﬁl’llk : ]—"(L[k) — H(i,k)612 .F(ui N uk), and
3. Baluy + F(Ux) = T jjer F(Ur N Uj)

is an equaliser. That is,

1. « factors uniquely through every morphism that equates B and By by right composition

10



(as above). (Note that if € = Set or Ab the this is equivalent to « being injective.); and
2. ’BloDé :’32006.

Alternatively,

Definition 7 (Sheaf): A sheaf is a presheaf F such that if U C X, and {U;};c; is an open
cover by subset of U, then the followings are satisfied.

1. Ifs,t € F(U) and s|y, = t|y, foralli € I then s = t.

2. If {fi} is a collection with each f; € F(U;) and filunu; = filunu, for all (i,f) € I?,
then there exists f € F(U) such that f|y, = f; foralli € I.

Motivation.

1. means that this patched function is unique.

2. means that functions on an open cover on an open set that agree on all intersec-
tions may be patched together to form a function on the whole open set.

Towards Sheaf Cohomology. Let .4b(X) be the category of sheaves over X with
values in abelian groups. That is, F € Ab(X) : Top(X) — Ab. The morphisms are
natural transformations.

Definition 8: Let 2, % be two categories and F,G : 9 — € be two contravariant functors.
A natural transformation n : F — G is a collection {nx € Mor(€)}xcop() of morphisms

in € such that if f € Mor(2) : X =Y, then the diagram
F) 2 Fx)

o |

Q(Y)Tf))g(x)

commutes.

Recall the definition of exact functor.

Definition 9: Let A be an abelian category and Ab be the category of abelian groups.
Suppose that

0 A B C 0
is an arbitrary short exact sequence in A. A functor F : A — Ab is left exact if

0— F(A) F(B) F(C)
is exact in Ab. It is right exact if

F(A) — F(B) —= F(C) —=0
is exact in Ab. It is exact if it is both left and right exact.

Definition 10 (Injective object): An object A of an abelian category A is injective if and
only if the functor Hom(—, A) : A — Ab is exact.

11



Fact. If 7 € Ab(X), then there exists an exact sequence 0 — F — I, where I is
injective. That is, each object in Ab(X) can be “embedded” in an injective object.

Note that the definition of exact functor extends to long exact sequences in A by
notice the following. Suppose that

%o o s 53

0 Ay Aq A Az
is a long exact sequence. This is a concatenation of short exact sequences.

0 kerd; Aj; i kerd; 1—0

fori > 1.

Definition 11 (Right derived functor): Let F : A — Ab be a left exact functor. The
right derived functors of F, indexed by i € Z, are functors R'F : A — Ab that send
A — H'(F(I})), where

0—=A 1° I I?
is an exact sequence in A and Iy = (I"),cz., is a sequence of injective objects in A.

The right derived functor measures how close a left exact functor is to being exact

(e.g. H! = 0 if F is exact). Moreover, it is well defined because injective resolutions
are chain-homotopic.

Lemma 12: Let 7 : A — B be a left exact functor between abelian categories. Then
ROF = F as functors, in that they spit out isomorphic values.

Proof. Let A € A. To show: R'F(A) = F(A). Let

0
0-AS0L
be an injective resolution of A. Then

F(e)

0
0 F(A) 29 proy 29,

yields
RF(A) = ker(F(d°)) = im(F(¢)) = F(A). .

We first observe that if I is injective, then RIF =0 for all i > 0, since it has the exact
sequence 0 -+ I —+ 1 — 0 — 0 — ..., and by uniqueness up to homotopy.

Let T'(X, —) : Ab(X) — Ab be the global sections, defined by sending F — F(X).

Definition 13 (Sheaf cohomology): For each functor F € Ab(X),
H'(X,F) = RT(X, -)[F]

Narthana Epa Friday 27 January 2012

12



To motivate using étale cohomology, we need to see why the Zariski topology is a
bad choice. We shall see that the ith homology group is trivial for i > 0, but first we
need some further background on sheaves.

Theorem 14: Let A and B be abelian categories, let

0—+A"—-A—-A"=0

be an exact sequence in A, and let F : A — B be a left exact functor. Note that R'F : A —
Ab for i € Z~. Then there exist maps

o :RF(A") = RTIF(A), i>0
such that
0 / 0 0 m . p1 '
0—>RF(A)—-R'FA) - RFA") >R FA") — ...
is exact.

For instance, if R'F is cohomology, then we get the LES for cohomology.

Let X be a topological space, and let A be an abelian group with the discrete topology.
The locally constant sheaf on X with values in A is

Ax : Top(X) — Ab

cts

U—{f:U—>A}=A",
where 7 is the number of components of X (since each component maps to a point)

Example 15: X = {x}. Then the locally constant sheaf on X with values in Z. is given by
~ Z, ] U —
Zy(U) = {0, =

We want an injective resolution, but this is easy because Zy is injective:

Proof. To show: Zy is injective.
To show: Hom(—, Zx) : Ab(X) — Ab is exact.
An arbitrary object F € Ab(X) is of the form
_ [F, ifU = {x}
Fuy={y {uZ

for some abelian group F. Let

0O>F—->G—>H—0 (53)
be an exact sequence in Ab(X), and let F, G, H be the corresponding abelian groups.
Then 0—-F—-G—H-—0 (54)
is exact, so
0 - Hom(H,Z) - Hom(G,Z) — Hom(F,Z) — 0 (55)

is exact, so
0 - Hom(H,Zx) — Hom(G,Zx) — Hom(F,Zx) — 0 (56)
is exact. Thus, Hom(—, Zy) is exact, so Zy is injective. O

Now
0—-Zx —Zx —0— ...

HThis is as constant as a sheaf can get. It is the sheafification of the constant presheaf.
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is an injective resolution. Ignoring the first two objects and applying global sections yields
Z—0— ...,
as T(X,Zx) =Zx(X) =2Z, so

H'(X,Zx) = RT(X,-)[Zx] = H(Zx(I3)) = dip. (57)

Sheaf cohomology usually agrees with singular cohomology:
Theorem 16: Let X be a locally contractible topological space, and let Zx be the locally
constant sheaf on X with values in Z. Then

H'(X,Zx) = H!

ng(X:Z), >0 (58)

Proof. (sketch) Somehow it suffices to use an acyclic resolution, such as
0— Zx = C™(X)x — ..., (59)
where C(s)ing =Z{A° — X}. O

Lemma 17: Let X be an irreducible topological space, and let A be a discrete topological
space. Let V be a non-empty open subset of X, and let f : V — A be a continuous function.
Then f is constant.

Proof. It suffices to prove that V is connected, since that would imply that f(V) is con-
nected and therefore comprises one point (as A is discrete). Proof by contradiction:
assume that V is disconnected. Then there exist open sets Uj, Uy C X such that

V=(UNnV)U(UnNV).

Then
X=X\ (LNV)U(X\(UNV))

expresses X as a union of two proper closed sets, contradicting the assumption that
X is irreducible. Hence V is connected, and it follows that f is constant. [

A sheaf F on a topological space X is flabby (or flasque) if

F(i): F(U) = F(V) (60)
is surjective for all inclusions i : V < U of open subsets of X.
Now we get to the point.

Theorem 18: Let X be an irreducible topological space, and let Fx be a locally constant
sheaf on X. Then

H' (X, Fx) = {0}, i>0.

This follows immediately from the following two results.

Lemma 19: Let X be an irreducible topological space, and let Fx be a locally constant sheaf
on X, with values in some discrete abelian group A. Then F is flasque.

Proposition 20: Let X be a topological space, and let F € Ab(X) be flasque. Then
H(X,F)=0, i>0.

14



Proof of[19} Leti: V — U be an inclusion of open subsets of X. By[I7] any continuous
function V. — A must be constant, and therefore extends to a constant function
U — A. Thus,

F(@i): FU) = F(V)
is surjective, so F is flasque. [

To prove 18, it remains to prove . We shall need the following three lemmata:
Lemma 21: Let T be an injective sheaf on a topological space X. Then I is flasque.

Proof of 21} Let U be an open subset of X, and let Zx be the sheaf of locally constant
Z-valued maps on XE Moreover, let ji(Z;) denote the smallest abelian subsheaf of
Zyx that contains all s € Zx (V) for all open subsets V of U. The map

Hom(Zx,Z) — Hom(ji(Zy),Z)
induced by the embedding ji(Z;) — Zx is surjective (as Z is injective) and can be
identified (check) with the restriction map Z(X) — Z(U)[] O

Lemma 22: Let
O—-F—=>G—->H—0

be a SES in Ab(X), and let U C X be open. Then
0—-FU)—gU) —HU) =0
is a SES of abelian groups.

Lemma 23: Let
0O—-F—>G—->H—0

be a SES in Ab(X). If F and G are flasque, then H is flasque.
Conditional on these standard technical results, we can complete the proof of

Proof of [18, By the fact, and also using the first isomorphism theorem, there exists an
exact sequence

0%]-"—>I—>%—>0, (61)
where Z € Ab(X) is injective. Applying 22 with U = X yields an exact sequence
0— I(X,F) = [(X,T) - r(X, %) 0. (62)
By [12| we now have a SES
0 — HY(X, F) — H(X,T) — H° (X J,zr) 0. (63)
Consider the LES
o HU(X,T) — Hi<X,]£__> — HYY(X, F) » HTYX, ) — ...
If i > 0 then H(X,Z) and H*!(X, ) are trivial. Thus,
H (XJ_EE) ~ gtY(X, F), i>0. (64)

12This proof is taken directly from http://maths-magic.ac.uk/admin/send/course_file.php?id=2901. Incidentally, this
website has a whole lot of free postgraduate lectures from British universities.
13’m not sure how this identification works yet.
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We now use induction to prove that H(X, F) is trivial for i > 0. From 63, the map

¢ : HO(X,T) — H° (X%)

is surjective[™ The LES then implies that H' (X, F) is trivial.

As ]l_- is flasque (by , it must also be true that H' (X, ]l_-> is trivial. From [64] it then

follows that H2(X, F) is trivial, and we continue. O

So what went wrong?

Example 24: Consider x — x* : C — C. By the IMT, we expect a local inverse (square root
function) away from 0. Consequently, we want

C\ branch cut
to be open in C. Under the Zariski topology, however, it isn't open!

This example suggests that the Zariski topology has too few open sets to produce a
useful cohomology theory.

Narthana Epa Friday 3 February 2012

We want to define étale cohomology. We will still use sheaf cohomology, but we will
use affine open sets instead of Zariski open sets. In order to do this, we need to define
étale morphisms between varieties. We achieve this by using the correspondence
between morphisms between affine open sets and the induced ring homomorphisms.
And so we begin in the proof-machined world of commutative algebra (all rings
are assumed commutative and unital), but quickly find ourselves doing algebraic
geometry using the language of schemes a la Grothendieck.

A ring homomorphism ¢ : R — S induces an R-algebra structure on S. Such a map
is étale if there exist n € Z~p and f1,..., fu € R[x1,...,x,] such that

R[xl,. . .,Xn]

(frrees fun)

(3] e 5

S = (65)

as R-algebras and

is invertible.

Example 25: The inclusion R — C is étale because
R[x]

(x*+1)

14We’re doing this rather naively. Flabby resolutions are clearly enough to define cohomology directly, since acyclic resolutions
are (and injective = flabby == acyclic). Knowing this, all of this is immediate. Of course it’s not easy to show that acyclic
resolutions are chain-homotopic, but we didn’t prove it for injective ones anyway.

Cc=
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and
det(...)] - [~5x) = (2] [~ ] =[] = 1] (66)

Let ¢ : R — Sand ¢ : R — R’ be ring homomorphisms. The base change of ¢ by 1 is
the pushout

ip: RN = S®rR
r—1@r.
The commutative diagram is

RL S

v| | (67)

R’ —— S®grR,
iy
and the universal property is there but has not been drawn in.

Theorem 26:

(a) The set of étale homomorphisms is closed under composition.

(b) The base change of an étale homomorphism by any homomorphism is étale.
Proof.

(a) Consider étale homomorphisms

R shT
such that
SgR[xl,...,xn] TgR[yl,...,ym]
(f1,--s fn) (81, 8m)

Fori =1,2,...,m, we define g/ by lifting the coefficients of g; € S[y1,...,ym| by
the quotient map

g:R[x1,...,xq] — S.
Any lift will do, and now
R[x1,- ., Xn, Y1, Ym)
(fl/' . -/fn;gi/- . /gin)

det(...)] = [det(df;/dx;)] [det(dg}/dy;)] € T (69)

T=

(63)
Moreover,

is invertible.

(b) Let ¢ : R — S be an étale homormorphism, and let ¢ : R — R’ be a ring
homomorphism. Let

g Rlx1,..., %]
(f1,-s fn)
We need to check that R
S ®R R/ g [xll L /xn] (70)

(flror fo)
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where f is f; with coefficients replaced by their images under ¢ (fori = 1,2,...,n).
The isomorphism

Rlx1,..., %] , Rlxq,..., x4
S AAATAINT Y- N AR AT (71)
(f1re-or fn) (fire-orf0)
adjusts the coefficient r — ¢ ()7’
[

We now want to understand étale morphisms. Milne says something like, “an étale
morphism is the algebraic geometry analogue of a local isomorphism of manifolds
(differential geometry), an unbranched covering of Riemann surfaces (complex anal-
ysis), an an unramified extension (algebraic number theory). For varieties, it is pos-
sible to characterize étale morphisms geometrically; for arbitrary schemes, there is
only commutative algebra." We can certainly see the local isomorphism relationship,
because the invertibility condition for étale ring homormophisms was precisely the
hypothesis for the inverse function theorem. Also, we could have gone the geometric
path, but we instead went more broadly to general schemes via commutative algebra:
the upside is that we know some commutative algebra, while the downside is that

most of us don’t know general schemes as well as we know varieties geometrically.
See [7].

An affine scheme is a locally ringed spac isomorphic to Spec(A) for a ring A. Often
the isomorphism to Spec is abbreviated to an equals sign.

A scheme is a locally ringed space X such that every point has an open neighbour-
hood which is an affine scheme. The morphisms in the category of schemes are the
morphisms of locally ringed spaces. A variety is a special case of a scheme (working
with integral domains rather than general commutative unital rings). See [8].

Let X be a scheme.

A subset U C X is affine open if U is an affine scheme. A morphism f : X — Y of
schemes is étale at x € X if there exist affine open Spec(A) = U C X and Spec(B) =
V C Y such that

exclu
e fU)CV

e The induced ring homomorphismm B — A is étale.

We now define the category Et/X. The objects are the étale morphisms of the form
f:Vv-=X

where V is a scheme. The morphisms between f; : Vi — X and f, : V, — X are the

étale morphisms g : V; — Va such that f{ = frog.

15As an example, if X is an algebraic variety with the Zariski topology, and U C X is open, then the ring of rational functions
Ox(U) is a locally ringed space. Generally, a ringed space (X,Ox) is a topological space X with a sheaf of rings on X, and a
locally ringed space further insists that the stalks are local rings.

6Indeed the ring homomorphisms B — A are in bijective correspondence with the scheme morphismsFZ] Spec(B) — Spec(A).
Certainly ¢ : B — A corresponds to the preimage map ¢! : Spec(B) — Spec(A).
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The étale site of X, denoted Xy, is the category Et/ X along together with all ‘coverings’

(additional data). Specifically, to each object ¢ : V &, X, associate the collection of all
families of morphisms

{61 Ui &5 Vigy (72)
such that
Ujer ¢i(U;) = V. (73)

Let C be a category. An étale sheaf of objects in C is a contravariant functor
F:Et(X) = C
such that if {g; : U; — V};¢ is a covering then

A1
FU) ———[Fu) 7 [] FUixy) (74)
kel B2 (ij)el?

is an equaliser, where U; Xy U; is the pullback (the universal property is there but

not drawn):
| K (75)

Note that a Zariski covering is a special type of étale covering. Define
Hr(Xét/ f) = Hr(F(X,I)), r e Z>Q, (76)

where 0 -+ F — Z° — T1 — ... is an injective resolution of F. The étale sheaf we
will be the locally constant sheaf on X; with values in an abelian group. A problem
with choosing Z as our abelian group is that we always get

H'(Xe, Z) = 0. (77)
We get more information by defining I-adic cohomology. Let k be a finite field, |k| =

q = pt, p prime, and let | # p be a prime. Let X be a variety over k. Define the l-adic
integers and the [-adic rationals as usual:

. Z
and Q) is defined as the field of fractions of Z;. Then
H'(X,Z)) = l(i_m H' (Xe, Z/1"Z), (79)
and the [-adic cohomology of X is given by
H'(X):=H'(X,Q) := H(X,Z;) ®z, Q. (80)
Richard Hughes Friday 10 February 2012

Drawn from Chapter 1I of “Algebraic Geometry” (Hartshorne).
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Our aim:

In order to understand étale cohomology and Deligne’s proof of the Riemann hy-
pothesis of Weil, we need a better understanding of schemes.

A specific goal for this talk is to set up the background required to determine how a
morphism f : Spec(A) — Spec(B) induces a morphism f*: B — A.

Revision of sheaves:

Definition 27 (Presheaf): Let X be a topological space. A presheaf F of abelian groups on
X consists of the data

(a) for every open subset U C X, an abelian group F(U), and
(b) for every inclusion V. C U of open subsets of X, a morphism of abelian groups pyy : F(U) = F(V),

subject to the conditions

(0) F(D) = 0, where @ is the empty set,
(1) puuy is the identity map F(U) — F(U), and
(2) if W C V C U are three open subsets, then pyw = pyw © puv-

NB: This is equivalent to saying that a presheaf is a contravariant functor  : Top(X) —
Ab.

Definition 28 (Sheaf): A presheaf F on X is a sheaf if it satisfies:

(3) if U is an open set, {U;} is an open covering of U, and s € F(U) is an element such that
slu, = for all i, then s = 0;

(4) if U is an open set, {U;} an open cover of U, and we have s; € F (U;) for each i such that
for every i and j, Si\u,-mu]- = Sj|uimu]-/ then there is an s € F(U) such that sy, = s; for
each i.

NB: This is equivalent to saying that
FU) —[[Fw) = [] Fluinu)
kel (ij)el?
is an equaliser.

Our favourite examples:

8Presumably we define sy, = puv (s), but I'm not sure if we ever explicitly stated this.
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Example 29 (The sheaf of regular functions on X, 0):

Let X be a variety over k. For each open U C X, let ¢'(U) be the ring of reqular functions
from U to k. Foreach V.C U let pyy : O(U) — O(V) be the usual restriction map. Then
0 is a sheaf of rings on X.

Example 30 (Constant sheaves on X):

Let X be a topological space, A an abelian group. Give A the discrete topology, and for any
open U C X let o/ (U) be the group of all continuous maps U — A. If ¢ is the number of
connected components of U, then

o (U) = A%
We call </ the constant sheaf on X determined by A.

New material for sheaves:

We need to introduce stalks, and discuss some properties of stalks and sheaves. This
is required to understand how a morphism Spec(A) — Spec(B) induces a morphism
B — A (probably modulo some conditions — see Nepa’s talk last week for motiva-
tion).

Definition 31 (Stalk): Let F be a presheaf on X, and let P be a point of X. The stalk of F
at P, Fp, is the direct limit of the groups F (U) for all open U > P, via the restriction maps
0.

Notes:
1) There are notes on direct limits on Arun’s webpage.

2) In our case, an element of Fp is a pair (U, s) where
e U is an open neighbourhood of P, and
esc F(U).

(U,s) and (V,t) define the same element of Fp if and only if there is an open
neighbourhood or P, W, with W C U NV such that s|w = f|.

Definition 32 (Morphism of sheaves): If F and G are presheaves on X, a morphism
¢ : F — G consists of a morphism of abelian groups ¢(U) : F(U) — G(U) for each open
set U, such that whenever V.C U is an inclusion,

Fan 29, gy

puv puv

F(V)

o) )

commutes. An isomorphism is a morphism with a two-sided inverse.

The next proposition demonstrates the local nature of a sheaf (it is false for presheaves).
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Proposition 33: Let ¢ : 7 — G be a morphism of sheaves on X. Then ¢ is an isomorphism
if and only if the induced map on the stalk @p : Fp — Gp is an isomorphism for every P € X.

Proof. If ¢ is an isomorphism each ¢(U) is an isomorphism, and thus so is the direct
limit ¢p (as Nepa mentioned, this part of the implication is true because ‘direct limit’
is a functor).

Conversely, assume ¢p is an isomorphism for every P € X. To show that ¢ is an
isomorphism it is sufficient to show that ¢(U) : F(U) — G(U) is an isomorphism
for all U; then the inverse morphism i can be defined as

y(U) = ¢(U)~! for each U C X open.
Injectivity:

Let s € F(U) and suppose ¢(U)(s) € G(U) is 0. Then for every P € U, the image
¢p(s) of ¢(U)(s) in the stalk Gp is 0. Since ¢p is injective for each P, sp = 0 in Fp
for each P € U. sp = 0 means that s and 0 have the same image in Fp, so there is an
open neighbourhood of P, Wp, with Wp C U, such that s|, = 0. Thus, by

u= J wp
pPelu
and sheaf property (3), s = 0 on U.

Surjectivity:

Let t € G(U). For each P € U let tp € Gp be its germ at P. Since ¢p is surjective,
there exists sp € Fp such that ¢p(sp) = tp. Let sp be represented by a section s(P)
on a neighbourhood Vp of P. Then ¢(s(P)) and t|y, are elements of G(Vp) with the
same germ at P.

Thus, replacing Vp with a smaller neighbourhood if required, ¢(s(P)) = t|y, in
G(Vp). U is covered by the Vp, and on each Vp we have a section s(P) € F(Vp). For
two points P and Q, s(P)|vynvy, 5(Q)lvenv, € F (Ve N Vg) are both sent to t[v,ny,

by ¢.

By the injectivity of ¢, s(P)|vynvy, =5(Q)|vpnvy; then by the glueing property of
sheaves (4), there exists s € F(U) such that s|y, = s(P) for each P.

Finally, ¢(U)(s) and t are in G(U), and for each P, ¢(U)(s)|y, = t|v,, so by sheaf
property (3) applied to ¢(U)(s) — t, we conclude that ¢(U)(s) = .

]

Spectrum of a ring:

For our purposes, all rings are commutative and unital.
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Definition 34: Let A be a ring. Then define

Spec(A) = {prime ideals of A}.
If a is an ideal of A, define V(a) C Spec(A) to be

V(a) = {p € Spec(A)|p 2 a},

The following lemma determines some properties of V.

Lemma 35:
(a) If a and b are two ideals of A, then V(ab) = V(a) UV (b).

(b) If {a;} is any set of ideals of A, then V(Y_a;) = NV (a;).
(c) If a and b are two ideals, V(a) C V(b) if and only if \/a 2 V/b.

Proof. Definition chasing exercise. For (c), recall that

Va= (] »

pESpec(A)
p2a
Example 36:
1) Spec(C[t]) = AL
V((t =)t +1)Ct]) = {(t = )C[t], (t+1)C[t]}
2) Spec(Z) = {pZ|p prime or zero}
V(6Z) =V ((2Z)(3Z2))
—V(2Z)UV(3Z)
= {27, 37}

V((0)) = U pZ=Spec(2)

p prime

Define a topology on Spec(A) by taking subsets of the form V(a) to be the closed
sets. Note:

e V(A) =0

e V((0)) = Spec(A)

e The lemma gives us the union and intersection conditions.
Definition 37 (Sheaf of rings on Spec(A)): We wish to define a sheaf of rings ¢ on
Spec(A).
For each prime ideal p C A, let Ay be the localisation of A at p.

For open U C Spec(A), define ¢(U) to be the set of functions
s: U — UPGUAP
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such that s(p) € Ay for each p, and such that s is locally a quotient of elements of A.

This means that for each p C U, there is an open neighbourhood V of p with V. C U, and
elements a, f € A such that foreach q € V, f ¢ qand s(q) = 7€ Aq.

Notes:

e These functions are closed under sums and products, and have identity the 1
section. So €/(U) is a commutative unital ring.

e If V C U, the natural restriction &(U) — ¢'(V) is a ring homomorphism, making
0 into a presheaf.

e The local nature of the definition makes & a sheaf.

Definition 38 (Spectrum of a ring): Let A be a ring. The spectrum of A is the pair
consisting of the topological space Spec(A) together with the sheaf of rings € defined above.

Definition 39: For f € A denote by D(f) the open complement of V((f)).

Remark: Open sets of the form D(f) form a base for the topology of Spec(A). (Exer-
cise)

Proposition 40: Let A be a ring, and (Spec(A), O) its spectrum.

(a) For any p € Spec(A), the stalk O, of the sheaf € is isomorphic to the local ring A,.
(b) For any element f € A, the ring 0(D(f)) is isomorphic to the localised ring Ay,
(c) In particular, T'(Spec(A), 0) = A.

Proof. (a) Define a homomorphism
p: Oy — A
s — s(p).
Well-defined:

If s ~ t in O}, there is a neighbourhood W > p on which s|w = t|w, and so s(p) = t(p).
Surjectivity:

An element of A, can be represented as a quotient % witha, f € A, f ¢ p. Then D(f)
is an open neighbourhood of p, and % defines a section of & over D(f) whose value
at p is the given element.

Injectivity:

Let U be a neighbourhood of p, and let s,t € &(U) such that s(p) = t(p) at p. By
shrinking U if necessary we may assume that on U,

a b
5= - t:_r albl s EA/ s gp
7 7 f:8 f:8
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Since %, g have the same image in Ay, there is an element /1 ¢ p such that h(ga — fb) =

0in A. Thus % = (% in every local ring A, such that f, g, h & q. This set is the open set

D(f) N D(g) N D(h), which contains p. So s = t on this neighbourhood of p, and so
they have the same stalk.

(b) and (c)
First, if f =1, then A F= A, and
D(1) = V((l))c V(A)" = @° = Spec(4),
so (b) says A = 0(Spec(A)) =:T'(Spec(A), 0), i.e. (C) is a special case of (b).

Define a homomorphism

p: Ay — 0(D(f))

fin — s

where s assigns to each p the image of fin in Ap.
Injectivity:

If ¢ (%ﬂ) =9 (fm> then for every p € D(f), 4 i and fm have the same image in A,.
So there is an element i ¢ p such that h(f™a — f"b) = 0 in A.

Let a be the annihilator of f™a — f"b. Thenh € aand h ¢ p, so a € p. This holds for
any p € D(f), thus V(a) N D(f) = .

Therefore f € \/a, so for some ! we have f' € a. Thus f/(f™a — f"b) = 0, so fin = ﬁ
in Af'
Surjectivity:

Let s € 0(D(f)). By definition of & we can cover D(f) with open sets V; on which s
is represented by a quotient Z;ll with g; € p for all p € Vj;ie. V; C D(g)).

Since open sets of the form D(h) form a base for the topology, V; = D(h;) for some
h;. Since D(h;) C D(g;), we have V((h;)) 2 V((g;)) and so by part (c) of our Lemma

V) € /(@)

and so h!' € (g;) for some n. Thus h!! = cgj, s ; = 7#. Since D(h;) = D(h!) we may

replace h; by k' and a; by ca;, and assume that:

e D(f) is covered by the open subsets D(;), and
e s is represented by h—i on D(h;).
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Now, D(f) € UD(h;) if and only if
V() 2N V((h)) =V (k).

By our lemma this is equivalent to f € /Y_(k;), so f* € ¥(h') for some n. So f" can
be expressed as a finite sum

fn = Zbihi/ bi c A. (*)
So D(f) can be covered by a finite number of D(h;). Fix a finite set hy,...,h, such
that

D(f) € D(in) U+~ UD(h,).
Now, on D(h;) N D(h;j) = D(h;h;) we have two elements of Ay, ,; which represent s, Z—i
and % So, by injectivity of 1, we must have

a; aj
— =< inAyy.
hi h] hihj

So for some n, (h;hj)" (hja; — h;a;) = 0.

Since there are only finitely many indices involved, we may choose n large enough to
simultaneously work for all 7,j. So

Wi (hfag) — i (W ag) = 0.

Replace each h; be h'*! and each a; by h'a;. Then s is still represented on D(;) by
%, and now we have hja; = ha; for all i, j.

Now, write f" =) b;h; as in (*ﬂ Let a = ) _b;a;. Then for each j, we have
I’l]'ll = Zbiaih]- = Zbihiaj = fnll]
i i

This says that fin = % on D(hj). So (ﬁ) = s everywhere, and ¢ is surjective.  [J

What have we done today?

e Sheaf revision.
e Definition of a stalk.
— Local nature of a sheaf vs. a presheaf.

e Spec(A) revision and topology.
e Definition of the sheaf of rings & on Spec(A) and the spectrum of A.

e Correspondences between a ring and its spectrum.

What should we do next time?
e Define the direct image sheaf.

Note that this is the n from when we determined D(f) was finitely covered by some D(h;), not the n just used in the
replacement h; < h?“.
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e Define the category of locally ringed spaces (this will make this correspondence
A <> (Spec(A), 0) functorial).

e State and prove Prop. 2.3 in Hartshorne [5], which describes the correspondence
between morphisms Spec(A) — Spec(B) and morphisms B — A.

e Construct some specific examples for Prop. 2.3 to better understand the induced
maps.

e Define schemes, and some important scheme related properties, e.g. finite type,
separated, proper.

Jeff Bailes Thursday 23 February 2012

Let f : X — Y be a continuous function. For a sheaf F on X, the direct image sheaf on

Y, f«F,is given by
(fF)(V) = F(f7H(V))
for any open set V C Y (exercise: this is a sheaf, by the gluing lemma). For a sheaf G
on Y, the inverse image sheaf on X, f~1(G), is the sheaf associated to the presheaf
U— lim G(V).
—

VF(U)

Let X be a topological space, and let Z C X be a subspace with inclusion map
i:Z — X. Let F be a sheaf on X. The restriction of F to Z is F|z := i }(F).

Lemma 41: Any P € Z has the same stalk in F as in F|z.

A ringed space is a pair (X, Ox) such that X is a topological space and Oy is a sheaf of
rings on X. A morphism of ringed spaces from (X, Ox) to (Y, Oy) is a pair (f, f*) such
that f : X — Y is continuous and

f# : Oy — f*OX

is a map of sheaves of rings on Y.

A locally ringed space is a ringed space (X, Ox) such that every stalk of Oy is a local
ring. The morphisms in the category of locally ringed spaces are the (f, f*) as above
such that if P € X then the induced ma

b (Oy)ppy = (Ox)p
is a local homomorphism@ of local rings.

We now describe how f# is induced. Let P € X. The sheaf morphism
0y - £.0x

20This is explained in the next paragraph.
2LA ring homomorphism f : A — B between local rings is a local homomorphism if f~1(mp) = m4. In other words, it sends
units to units and non-units to non-units (since the maximal ideal in a local ring comprises all non-units).
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induces a ring homomorphism
FHV) = Oy (V) = Ox(FH(V))
x = (FHV)(x) € f0x(V) = Ox(f71(V))

for each open subset V C Y.

Let V range over open neighbourhoods of f(P), so that f~!(V) ranges over a subset
of the neighbourhoods of P. Taking direct limits yields

(Oy)g(py — lim Ox(f1(V)) = (Ox)p, (81)

1%

and f} is the composition.

Proposition 42: A ringed space morphism (f, f*) is an isomorphism if and only if the
following are true: f is a homeomorphism and f* is a sheaf isomorphism.

The main result is part (c¢) of the next proposition.
Proposition 43: (a) If A is a ring then (Spec(A), O) is a locally ringed space.

(b) If  : A — B is a ring homomorphism, then ¢ induces a natumﬁ morphism of locally
ringed spaces

(f/ f#) . (SpeC(B)/ OSpec(B)) - (SpeC(A)/ OSpec(A))'
(c) Let .
(f/f ) : (SpeC(B)/ OSpec(B)) - (SpeC(A)/OSpec(A))
be a morphism of locally ringed spaces. Then it is induced by some homomorphism
¢:A— B.

Proof. (a) Let A be a ring. The spectrum (Spec(A), O) of A is a ringed space, since O
is a sheaf of Spec(A). It is a locally ringed space by [40(a).

(b) Let ¢ : A — B be a ring homomorphism. Define
f : Spec(B) — Spec(A)
P e (p).
fH V(@) = V(g(a)), (82)
which shows that f is continuous. Localizing at some p € Spec(B) would yield
@y : A([fl(P) — Bp

Note that for a < A,

x o)

v o ely)
The sheaf morphism f*: Oy — f.Ox is defined by

f#(V) . OSpec(A)(V) - OSpec(B)(fil(V))
S — Upef—l(v) PpoOs Of, (83)

forx € A, ye A\ ¢ (p).

22What is meant here?
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for open V C Spec(A). For any p € Spec(A), the induced map f; is locally (pp
which is a local homomorphism, therefore (f, f*) is a morphism of locally ringed
spaces. It remains to show that (f, f*) is natural.

(c) Let
(f/f#) : (Spec(B), OSpec(B)) — (Spec(A), OSpec(A))

be a morphism of locally ringed spaces. Consider

f#(SPeC(A)) : OSpeC(A)(SpeC(A)) - OSpeC(B)(SpeC(B))'

OSpec(A)(SpeC(A)) = F(Spec(A), OSpec(A)) = A,
this yields ¢ : A — B. For p € Spec(B), this induces local homomorphisms

As

f;f : (OSpec(A))f(p) - (OSpec(B))P/

or equivalentl
such that
A—% B
(84)
A B,
f(p) P

commutes. To show: if p € Spec(B) then f(p) = ¢~ !(p). Let p € Spec(B).
Locally (in a neighbourhood of p), ¢! = f* : Ap-1(p) = Bp. As f* is a local
homomorphism, it follows that ¢! is a local homomorphism, so

¢ (p) = f(p)- (85)

From the construction in B, we see that (f, f*) is induced by ¢.

]

An affine scheme is a locally ringed space (X, Ox) which is isomorphic to Spec(A) for
some ring A. A scheme is a locally ringed space (X, Ox) in which every point has an
open neighbourhood U such that

is an affine scheme. With this notation, X is the underlying topological space and Oy is

the structure sheaf of the scheme@

Example 44: Let k be a field. Then (Spec(k), O) is an affine scheme with Spec(k) = x and
O =k

BConsider (s, U) in the stalk. Pick V € Spec(B) such thatp € V C U and s(q) = % € A, for q € V. This is a local ring
homomorphism because (1) s — s o f is locally ¢,/ — ¢,/ (Which sends units to units and non-units to non-units, since units
in Aq are ¢ such thata,b € A\ q) and (2) @, is a local homomorphism for any q € f~1(V).

24 As described in (b), locally fi=op.

250ften a scheme is denoted by X, and its underlying topological space by sp(X).
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Example 45: Let k be a field. We define the affine line over k to be A} := Spec(k[x]). There

is a point { € A} which corresponds to the zero ideal in k[x|. The closure of { is A} and {
is called a generic point. The other points correspond to the maximal ideals in k|x| and are
all closed points. These closed points are in one-to-one correspondence with the non-constant
monic irreducible polynomials in k[x].

In particular, if k is algebraically closed, then the closed points of A; are in one-to-one corre-
spondence with elements of k.

(A}, O A1) is a scheme.

A scheme is called connected if its underlying topological space is connected. A
scheme is called irreducible if its underlying topological space is irreducible.

A scheme (X, Ox) is called reduced if whenever U C X is open then Ox(U) contains
no nilpotent elements. It is called integral if every Ox(U) is an integral domain.

Proposition 46: A scheme is integral if and only if it is both reduced and irreducible.

A morphism of schemes f : X — Y is locally of finite type if there exists {V; =
Spec(B;)}icr a cover of Y by open affine subsets, such that if i € Z then f~1(V})
can be covered by open affine subsets U;; = Spec(A;;), where each A, is a finitely
generated B;-algebra.

The morphism f : X — Y is of finite type if whenever i € Z then f~!(V;) can be
covered by finitely many such U ;.

Sam Chow Thursday 1 March 2012

1.1

Let X be an algebraic variety over Z. For x € |X|, let N(x) be the number of elements
in the residue field k(x) of X in x.

Before we continue, let’s try to understand what the last paragraph is saying.
X = Spec(A),

where
Zlx1,..., %]

(flr---/fS)

is an integral domain and fy, ..., fs € Z[x1, ..., x,]. Define

A=

| X| = {closed points in X} = {maximal ideals in A}.
Note that if x € |X| then x = (ay,...,a,) € Z" in local coordinates, where
fi(ay,...,aq,) =0, fori=1,2,...,n.
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For x € |X|, the residue field of X in x is

X
where O is the ring of regular functions on X and Oy is its germ at x € |X| (a local
ring) and m, is its maximal ideal (indeed k(x) is a field).

The Hasse-Weil zeta function of X is

Ix(s) =11 #(x)—s’ (86)

x€|X]
which converges for Re(s) sufficiently large.

Example 47 (X = Spec(Z)): The only maximal ideals are pZ, where p is a prime number.
Then

Ot = Z(p),
and w,) = pZ ) via the same isomorphism (restricted). Thus
Z
K(p)) = 2 = {[0/1],[1/1),...., [p — 1/1]}, (57)
P& (p)

so N((p)) = p. Now

ixs)= ] === Lo =206, (58)

— p S
p prime n=1
using the Euler product formula.

We’ll only really be studying algebraic varieties over IF;, where g is a power of the
prime number p, noting that p is the characteristic of IF;. For x € |X|, we write gy
instead of N(x). Put deg(x) = [k(x) : qu]Fﬂ Then

gx = N(x) = #k(x) = g280.
Here we introduce the varaible t = g7°. Put

1
ZXt) = |] —==- (89)
refx| 1 — #180)
This converges if |t| is sufficiently small, and we have
Cx(s) = Z(X,q7°). (90)

1.2

Dwork and Grothendieck showed that Z(X,t) is a rational function of ¢, i.e. there
exist P, Q € Q[t] such that
P(t)
Z(X,t) = ——=.
%0 =5
For Grothendieck, this is a corollary of general results in /-adic cohomology (I # p).
This provides a cohomological interpretation of the zeroes and the poles of Z(X, 1),

as well as a functional equation when X is compact and smooth [some more history].

26We should check that k(x) is a field extension of IF,.
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1.3

Let X be an algebraic variety over an algebraically closed field of characteristic p (we
don’t exclude the case p = 0). For prime | # p, Grothendieck defined /-adic coho-

mology groups H i(X,Q). There are also cohomology groups with compact support,
H{(X,Qp). If X is compact, then H'(X,Q;) = H{(X,Q,). The groups H.(X,Q;) are
vector spaces of finite dimension over Qy, trivial for i > 2dimX.

14
Let X be a variety over g, and let X be the corresponding variety over FF,. Locally,

F P
Xo = Spec(Ay), Ay = M

(fr - fs)
and F| |
F,lx1,...,xn
X = Spec(A), A= 27
pec(4) (fr,eor fs)
where fi,..., fs € Fy[x1,...,x4]. Let F : |X| — | X]| be the Frobenius. Locally,
(a1,...,a,) — (az,...,aZ).
Note that?’] X
| Xo| = — (91)

where x ~ y if and only if x and y are in the same orbit. For any subring R of Fq, we
define Xy(R) to be the set of closed points of X that have all local coordinates in R.
We can identify | X| with X (IF,).
Proposition 48: (a) By equation (17),
[ X]" = Xo(Fy).
(b) Also by equation (17),
1X|F" = Xo(Fgn),  forn € Zsy.
(c) The set | Xo| of closed points in X identifies itself with the set |X|f of orbits of F in |X|.
The degree deg(x) of x € |Xo| is the number of elements in the corresponding orbit.
(d) From (b) and (c), we get the formula

#X|F" = #Xo(Fgn) = Yo deg(x) (92)
x€|Xp|:deg(x)|n
(for x € |Xo| and deg(x)|n, the point x determines deg(x) points with coordinates in

Fgn, all conjugated by IFy).
1.5

The morphism F is finite, and in particular proper. It therefore induces maps
F*: H(X,Q;) — HL(X, Q).

27Dougal will prove this next week.
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Grothendieck proved the Lefschetz trace formula,
2d . .
#X|" =Y (-1)'Tr(F*, H(X,Q)), d=dim(X).
i=0
The right hand side, a priori an I-adic number, is an integer, and equal to theleft hand
side. We note that this formula is reasonable because dF = 0, even at infinity (X is
not assumed to be compact); the equation dF = 0 implies that the fixed points of F
have multiplicity 1. An analagous formula holds for iterates of F:
#X|T = #X0(Fyr) = Y (=1)Tr(F™, He(X, Q). (93)
i
Apply the logarithmic derivative to equation (89):
t47(Xo,t) d deg(x)tdes(x)
dt ’ &
v A Sl Xo, t) = =\ C
200~ laosZXot) = ) e

x€|Xo

= Y Y deg(x)t"des(®) = Y #Xo(Fyn)t". (94)

x€|Xo| n>0 n>0

For ¢ a linear transformation on a vector spaces V, we have an identity on formal
power series:

d -1y _ n n
talog(det(l ot, V) = anTr@p V)t (95)
(check it for dim(V) = 1, and observe that both sides are additive in V in a short

exact sequence)@ Substitute (93) into (94) and apply (95) to get
d . d ,
t—log Z(Xo, t) =) (—1)'t—1 1—F*t, H(X, Q)"
dt Og ( 0s ) Zl:( ) dt Ogdet( ’ c( /Ql)) 7
so it follows that

i+1

Z(Xo,t) = [Jdet(1 — F*t, H(X, Q) "V (96)

The right hand side is in Q;(¢). The formula asserts that the Taylor series about
t = 0, a priori a formal power series in Q;[[t]] with constant term 1, is in Z[[¢]], and
is equal to the left hand hade, also considered as a power series in t. This formula is
Grothendieck’s cohomological interpretation of the function Z(X, t). Our main result

follows ]

1.6

Theorem 49: Let Xy be a projective non-singular (= smooth) variety over IF;. For each i, the

characteristic polynomial det(t — F*, H'(X,Q;)) has coefficients independent of | (assuming
that 1 # p). The complex roots « of this polynomial (the complex conjugates of the eigenvalues

of F*) have absolute values |a| = q'/2.

Dougal Davis Thursday 8 March 2012

We address some of the issues arising out of Sam’s talk. Rings are assumed to be

28 Alternatively, change bases to make the matrix upper triangular.
2This is the Riemann hypothesis.
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commutative and unital.

Let IF be a field. A scheme over F is a scheme Y with a morphism Yy — Spec(IF) In
the case where Yy = Spec(Ay), this corresponds to a ring homomorphism F — Ay,

i.e. Agis a F-algebra. If K D F is a field extension, we can extend Y to a K-scheme
Y: this is the pullback

Y

Yo

Spec(K) — Spec(IF),
where the universal property is there but not drawn. The map Spec(KK) — Spec([F)
is induced by the inclusion F < K. For affine schemes (here Y = Spec(A)), this
corresponds to the pushout
A

Ag

K

IF,
ie. A=K® AQ.

Let IF; be a finite field of size g and with characteristic p > 0. Let X be the algebraic
variety obtained from X, by extension of the scalars to IF,;. Let Uy C Xy be an affine
open set, and let U = :~!(Up), where 1 : X — Xj is as ir@

L
X

Xo

Spec(FF;) — Spec(F,).

Let
F,lt,..., ¢
Uy = Spec(Ay), Ag = H,
77 J)8
Fq[tl,...,tn]

U = Spec(A), A= (97)

where fi,..., fs € Fylty, ..., t]

(- fs)

Define -
F:A— A

30The same construction holds for schemes over Noetherian rings. Indeed, this definition extends to schemes over schemes.

31This is not an inclusion map, but it is induced by one, as we shall see.

32We write Ag in that form, and then the commutative diagram for the pushout (since U and Uy are affine schemes) dictates
that A = IF; ® Ay.
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Y oait Y alt, w; € A, (98)
i i

for finite sums, where if i = (iy,...,iy) € Z, then H = tzf e tfq”. In words, F applies
the Frobenius to the coefficients. Let B
F:U—=U

x — F(x).
In particular, for maximal ideals,
F((ty —ay,...,th—an)) = (h — a?,...,tn — aZ). (99)
“Pasting together” the maps F : U — U gives a well-defined morphism F : X — X.
Lemma 50: The morphism 1 : X — Xo induces a bijection
L: |X|1: — |X0|
O+ 1(x) ifxeO,
where | X | denotes the set of orbits of closed points of X under F. Moreover, if xy € |Xo| then
deg(xg) = #~(xp). (100)

We spend the rest of the talk proving this, but let us first give an analogy.

Example 51: Let Xo = Spec(IR[t]) and X = Spec(C|[t])?| Here
xo = (2 +1) € [Xo|

factorizes into two prime ideals (t — i) and (t + i), which are in the same Galois orbit. The
degree of xg is 2, which is the size of the corresponding Galois orbit.

Proof of lemma [50] 1t suffices to prove the affine case, so write X = U = Spec(A). First
notice that 1 : U — Up is induced by the inclusion map@

inc: Ag — A,
i,.e. if x € U then

1(x) =inc H(x) = {g € Ag | inc(g) € x} = x N A,. (101)
To show:

(i) If x € U then 1o F(x) = (x).
(ii) If x € |U| then (X) € |Up|.
(iii) ¢ : |U|p — |Up| is surjective.
(iv) ¢ : |U|p — |Uo| is injective.

(v) If xo € |Up| then deg(xo) = #:~!(xp).

We now prove each part.

3These aren't finite fields, and some details are omittend, but the point is that Galois theory is what’s driving it.
34In the above example, (t —i) NR[t] = (> + 1), s0 (((t —i)) = (> +1).
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(i) Let x € U. Then
1oF(x) =F(x)NAg = F(x)NAg = F(x)NF(Ap)

F(xNAp),  asF isinjective
xN Ay =i(x).
x)

= |Up|. To show: i(x) is a maximal ideal in Ay. To

(ii) Let x € |U|. To show: ((
show:

1(x)
is a field. As x is a maximal ideal in A, there exist x1,...,x, € Fq such that
X = (tl _xl,---,tn —xn).

Now _
F.[t,... ¢ _
4_ alt o F,. (102)
x (= x1,.. bt —xp)
The isomorphism follows from the first isomorphism theorem, considering the

evaluation map

Fq[tl,...,tn] %Fq

g — g|t1:x1,...,tn:xn-
The map inc: Ag — A induces an injective homomorphism
Ay A

inc: — — —. 103

inc: - @) " (103)
Moreover, from the commutative diagram

A inc Ay

]Fq qu’
it follows that

A inc Ay

X 1(x)

Fq ]Fq/

A

is an isomorphism of [F,-algebras, and is

. A
also commutes. Hence, inc : ﬁ — =

therefore also a ring homomorphism. Now lz(‘\_xo) is a field, from the ring homo-
morphisms
0~ A

I

A _
O F,. (104)

Hence ((x) € |Up].

(iii) Let xo € |Up|. To show: there exists x € |U| such that ((x) = xq. Let {g;}ic; be
a basis for x¢ as an F;-vector space, and extend this to a basis {g;}cy for A as
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an FFy-vector space. Then {g;};cy is a basis for the F -vector space
A= Fq (029 A().

Hence,

(inc(xp)) {sz,gl | a; € qu} #£ A, (105)

icl

as xg # Ao implies that I # I'. As A is a Noetherian ring, there therefore exists a
maximal ideal x D (inc(xo))@ To show: ((x) = xp. As x O (inc(xp)), it follows
that 1(x) D x¢. As xp is maximal and ((x) # A, it follows that ¢(x) = xo. Hence
t:|U|p — |Up| is surjective.

(iv) For x € U, let xp = {x,F(x),F(F(x)),...} (the orbit). Assume that x,x’ € |U]|
satisfy ((x) = ¢(x’). To show: xp = x}. Let

=(H— X1, bty — Xn), x'=(t =, ..t — X)),
For a € FFy, let deg(a) = #ar. Let
deg(x;)—1 .
Qi = H (ti—x?]), i=1,2,...,n.
i=0
Fori=1,2,...,n, we see that F(g,-) = gi, 50 g; € Ap. Hence
gi € xNAy=1(x) =u(x), (106)
> inc(gi) €ex' = (t —x},..., th — X},), (107)
- deg(x;)—1 .
0=gi(x},...,x,) = H (x) — x?j), (108)
i=0

2 —
so x! € {x;,x],x],...}. Let S C (IF;)" be the finite subset

S = {xl,xl, dx {xg,xd, o xox {x X,
As S is finite, there exists h € A such that h|s is mjective and h(xy,...,x,) = 0.
Let _

hy = {h, E(h), E(E(h)),...},

a finite setP? and let

]
Il
=

Now F(h) =h,so i € i(x) = 1(x'), so
h(xy,...,x},)=0.
Thus, there exists j € Z>( such that
Fi(h)(xy,...,x}) =0,
Choose k € Z> such that
j+k=0 mod (#hy —1), (109)

in which case .
FItk(h) = h. (110)

%5Use Zorn’s lemma with the ascending chain condition.
%The ‘degree’ is finite on each coordinate, since Fy = Up—Fgm, from equation (21).

37



Now

(GO, )T ) = B ()7 ()7 (111)

= (g, 1)) =0, (112)

As (x’l)qk,..., (x!)1 € S, and as hg is injective, and as h(xy,...,x,) = 0, this

implies that
6= ()7,
so xp = x. Hence, ¢ : [U|p — |Up| is injective.
(v) Let xg € |Up|. To show: deg(xy) = #(xp). By Richard (40),
(AO)-XO ~ AO

Let x € 17 1(xp). As ¢ : [U|p — |Up| is surjective, there exist x1,...,x, € F, such
that x = (t; — x1,...,ty, — x,). The [F;-algebra homomorphism

A
x—OO — Fglx1, ..., xn]
ti— x;
is an isomorphism of fields, by the first isomorphism theoremm Hence,
Ag
deg(xp) = [x—o : 11:,,} = [Fq X1, .., %] - ]Pq]. (114)

Fori=1,2,...,n,letm; = #{xi,x?,...}. Then
m = lem(my,...,my,)
is the smallest element of Z-( such that
x; € Fgm fori=1,2,...,n.

Then Fgm is the smallest subfield of Fq containing xi, ..., Xy, SO

]Fq[xl, . e ,Xn] — ]qu. (115)
Hence,
deg(xo) = [Fym : Fy] = m. (116)
Note that F/(x) = x if and only if m|j. Hence,
deg(xg) = m = #{x, F(x), F(F(x)),...} = #1  (xo), (117)
as 1 : |U|p — |Up| is injective.
O
Dougal Davis Thursday 15 March 2012

This is a continuation from the end of the 1/03/2012 session.

%7Consider the evaluation map Ay — Fylx1,..., xu). It’s surjective, and the following holds. If g € Ap and g(xy, ..., xy) =0
then g € AgNx = 1(x) = x9. Moreover, if § € xg then g(x1,..., xy) = 0.
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Theorem 52: Let X be the nonsingular projective variety over 4. For each i, the charac-
teristic polynomial

det(t — F*, H'(X,Q;))
has integer coefficients independent of | (where | # q).

Futhermore, the complex roots a of the polynomial (i.e. the conjugates in C of the eigenvalues
of F*) have absolute value |a| = q%.

Remark: If a € Q;, algebraic over Q then, there exists f € Q[t] such that f(a) =0, f
is not identically zero, and f is irreducible. The conjugates in C of a are the complex
roots of f.

Remark: We will prove theorem 52| using the following lemma.

Lemma 53: For each i and each | # p the eigenvalues of the endomorphisms F* of H'(X, Q)
are algebraic (over Q), all of whose conjugates in C, w, have absolute value |a| = q%.

Proof. of theorem 52l Assume lemma

Recall that
Z(Xo,t) = [ (1—tdesl))=s e z[[1]].
X0 €| Xo|
Hence, consider Z (X, t) as a a formal power series with constant term 1:
Z(Xo, t) = Y ant" € Z[[t]].
n>0

By 1.5.4 in Deligne’s paper we have:

Z(Xo,t) = [ det(1— F*t Hi(X, Q) V" (118)

x0€|Xo|

So the image of Z(Xy, t) in Q;[[t]] 2 Z[[t]] is the Taylor series of a rational function.
This holds if and only if the Hankel determinants

Hi = det((aitj+k)o<ij<m)
vanish for k > N for some M, N € Z-o. However, this holds in Q; if and only if it
holds in Q.

Thus,

P
—, P,Q e Zi|t|,
5 Poezi

where P and Q are relatively prime and each has positive constant term.

Z(Xo,t) =

Now, by a lemma of Fatou, since Z(Xy,t) € Z[t] and has constant term 1, both P and
Q have constant term 1.

39



Let ‘
P;(t) = det(1 — F*t, H(X,Q))
= tidet<% — F*,Hi(X,Qz)>,
then by lemma 53| Py, ..., P,; are relatively prime in pairs.

The RHS of equation is therefore in the simplest form, and
Pit)=T1R®), Q) =T]R®

1 odd i even

Let K be the subfield of an algebraic closure Q; of Q; generated over Q by the roots
of R(t) = P(t)Q(t). The roots of P;(t) are those roots of R(t) with the property that

all their conjugates in C have absolute value q’%.

This set is stable under Gal(k/Q).

The polynomial P;(t) therefore has rational coefficients. Furthermore, by Gauss’
lemma it has integer coeffiecients. (Another reason is because the roots of P;(t) are

roots of R(t) so must be algebraic integers.)

The description above of the roots of P;(t) is independent of I. The polynomial P;(t)
is therefore independent of of /. Hence we have proved the theorem. O

Sam Chow Thursday 29 March 2012

Let X be a variety over a field k, and let | be a prime number. We want to define

constructible étale sheaves of Q;-vector spaces on X. Note that X is a scheme, so we
can give it the étale topology.

Recall. The objects of the category Et(X) are the étale morphisms of the form
f:Vv—=X

where V is a scheme (these are called X-schemes, or schemes defined over X). The
morphisms between f1 : Vi — X and f; : V, — X are the étale morphisms g : V; — V;

such that fj = f, 0 g. The étale site of X, denoted Xg, is the category Et(X) along

together with all ‘coverings’ (additional data). Specifically, to each object ¢ : V 4 X,
associate the collection of all families of morphisms

{¢: : U < Viier

Uier¢i(U;) = V.

such that

An étale presheaf is a contravariant functorF : Et(X) — Set. An étale sheaf is an étale
presheaf such that...is an equaliser.
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Recall. Let f : X — Y be a continuous function. For a sheaf G on Y, the inverse image
sheaf on X, f~1(G), is the sheaf associated to the presheaf

U— lim G(V).

Vof(u)

For schemes, we often consider sheaves of O-modules, where O is the structure sheaf.
Let f : X — Y be a morphism of locally ringed %yaces (such as schemes). For a sheaf

G of Oy-modules on Y, the inverse image of G i

£(G) = £ 1(G) ®510, Ox-

Let Z C X be a subscheme with inclusion morphism i : Z — X, and let F be a sheaf
of Ox-modules on X. The restriction of F to Z is F|z = i*(F).

An étale sheaf F is locally constant if there exists a covering (U; — X) such that F |y,
is constant for each i’

We abuse wording, for conciseness:

e By sheaf, we mean étale sheaf.
o By Z;-sheaf, we mean sheaf of Z;-modules.

e By Q;-sheaf, we mean sheaf of Q;-modules.

A Z;-sheaf on X (or an l-adic sheaf) is a projective system (inverse system) F =
(Fi)nez., of sheaves (a priori, of abelian groups) on X such that if n € Z>( then
F,+1 — F; induces an isomorphism

Fn+1 ~
— F,.
lnFnJrl "

For n € Z>y, F, is annihilated by [", and is therefore a %-module. A sheaf of %-
modules is locally constant if it is locally constant as a sheaf of abelian groups. A
Z,-sheaf (Fy)ncz., is twisted constant if each F, is locally constant. A Q;-sheaf F on
X is twisted constant if there exists a twisted constant Z;-sheaf F on X such that

./_" ~ F ®Zl Ql

as Q;-sheaves.

Recall. A subset Y of a topological space X is locally closed if it satisfies the following
equivalent conditions:

(i) There exists an open set U and a closed set F such that Y = UNF.
(ii) Each y € Y has an open neighbourhood U C X such that U N Y is closed in U.

(iii) Y is openin Y.

38The old definition does not produce a sheaf of Ox-modules on X.
%More precisely, (U; — X) is a covering for the identity object, so each U; is a subset of X.
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A Qj-sheaf F on X is constructible if there exists a finite partition of X into locally
closed subsets X; such that F |, is twisted constant for each i.

A geometric point of X is a morphism X : Spec(k) — X. In the case of algebraic
varieties that are complex manifolds, these are points in the ordinary sense.

Let ¥ be a geometric point of X. An étale neighbourhood of X, written as
u,a) — (X, x),
is a morphism # : Spec(k) — U such that ¢ : U — X is an étale morphism and
X=¢ou.
Let F be an étale presheaf on X. The stalk of F at x is the direct limi@
Fr= lim  F(U),
IR

(Ua)—(X,%)

over all étale neighbourhoods of X in X@

Let X be a set, and let (Y;) be an indexed family of topological spaces, with functions
fi + X = Y;. The initial topology on X is the topology generated by the sets fl-_l(U),
where U is allowed to by any open set in Y;. The initial topology is the coarsest
topology on X for which every f; is continuous. The limit topology, on an inverse limit
of topological spaces, is the initial topology with respect to the inclusions.

Let X be a connected Noetherian scheme, and let X be a geometric point of X. Let C
be the category of pairs (Y, 1) such that 7 : Y — X is a finite étale morphism, as a
subcategory of Et(X). If Y’ factors through Y as Y/ — Y — X, then we obtain (how?)
a group homomorphism Autc(Y’) — Autc(Y). The étale fundamental group is
a(X,) = Jim Aute(Y),
€

with the limit topology, where each Autc(Y) is a discrete group.

Let X be a topological space, and let G be a topological group acting on X. The action
is continuous if G x X — X is continuous with respect to the product topology.

Lemma 54: Assume that X is connected, and let X be a geometric point of X. If F is a twisted
constant Q-sheaf on X, then 11 (X, X) acts on the stalk Fz. Moreover, the fibre functor at X
(i.e. F +— Fy) is an equivalence between the category of twisted-constant Q;-sheaves on X
and the category of finite-dimensional Q;-vector spaces on which 1t1(X, %) acts continuously.

People know a lot about the case k = C. Connections between algebraic and ana-

lytic geometry were explored during the 1950s, and largely consolidated in GAGA@
Firstly, there is a functor

X ~ Xan
from finite complex schemes to complex analytic spaces. If X is a variety, we can
define X" “locally” by using holomorphic functions instead of polynomials to define
the structure sheaf. In this case, X" is the set of closed points of X, endowed with the

40 priori, this is a general colimit. There are some étale cohomology notes by de Jong where he proves that it’s directed.
4111 is shorthand for the X-scheme ¢ : U — X.
#2Gerre, Géométrie Algébrique et Géométrie Analytique.
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complex topology, which makes the inclusion into X continuous. We can get a ringed
space (X", OF') which is an analytic space The theory runs much deeper.

Let (X,Ox) be a ringed space, and let F be a sheaf of Ox-modules. The sheaf
F is of finite type if the following condition holds: if x € X then there exists an
open neighbourhood U of x such that F(U) is generated by finitely many sections
(elements of F(U)).

Lemma 55: If k = C, the constructible Qj-sheaves on X correspond to the sheaves of Q-
vector spaces F on X" such that there exist a finite partition of X into Zariski-locally closed
subsets X; and, for each i, a local system of free Z;-modules of finite type F; on X;, with

Flx, = Fi ®z, Q.

Henceforth, we only consider constructible Q-sheaves, and simply call them Q-
sheaves.

(1.10) Assume that k is algebraically closed, and let 7 be a Q;-sheaf on X. Grothendieck
defined [-adic cohomology groups H'(X < F)and H!(X, F). The H.(X, F) are finite-
dimensional vector spaces over Q;, trivial for i > 2dim(X). For k = C, the H'(X, F)
and H!(X, F) are the usual cohomology groups of X2, with coefficients in F

Richard Hughes Thursday 5 April 2012

We give an equivalent definition of étale. Let k be a field, and let f : V — Spec(k) is

étale be a morphism of schemes. The morphism f is étale if it is flat an unramified.

The morphism f is flat if, for each p € V, fﬁ :k — Oy, isaflat map,ie. Oy, is aflat
k-module with action fﬁ, i.e. tensoring with Oy , preserves exact sequences Recall

that Ogec(x) = k. More precisely, it is the sheaf sending Spec(k) to k@ The stalks are
evidently k (without abuse of terminology) at every point.

Example 56: % is not a flat Z-module, because

z3%7
is injective yet
Z 21 Z
2R — —2ZR-—
7 ¥z

is not injective (as 1 ®1—2®1=1®2=0).

Any free module is ﬂatlﬂ Consequently, any k-module is flat. Thus, f : V — Spec(k)
is necessarily flat, so we concentrate on whether or not it is unramified.

#3Like an analytic manifold, but allowing singularities. An analytic manifold is a manifold with analytic transition maps.
4“Presumably he means singular cohomology with coefficients being values of 7 and JF being a locally constant sheaf.
1t suffices to check that tensoring preserves injectivity — see Atiyah-Macdonald.

46Gheaves send the empty set to the trivial group.

47Let A be aring. A free A-module is isomorphic to A”. If M is an A-module, then M ® A" ~ M by induction.
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The morphism f is unramified if, for each p € V, the following conditions are met:

e Oy, is finitely presented as a k-module (finite number of generators and rela-
tions)

e Oy, is a finite separable field extension of k@

For interest, we also give the general definition of unramified. Let g : V. — X be a
morphism of locally ringed spaces. The morphism g is unramified if, for each p € V,
the following conditions are met:

e Oy, is finitely presented as a module over Ox ¢(;).

e The set n = gi (m) is the maximal ideal in the local ring Oy ,, where m is the
maximal ideal in the local ring Oy ,(,, and the induced map

@ @
X8p) ., HVp
m n
is a finite separable field extension.

(119)

So at each point, V is locally Spec(E), where E/k is a finite separable extension. Thus,
f : V — Spec(k) is étale if and only if

V = U,Spec(Ey),
for finite separable field extensions E, of k.

Under the Zariski topology, Spec(k) has only two open sets (too few, the usual prob-

lem). The idea is to use objects in Et(X) instead of Zariski open sets, and so étale
sheaves are more interesting than ordinary ones.

Inverse image sheaf

Let f : X — Y be a continuous function. For a sheaf G on Y, the inverse image sheaf on
X, f71(G), is the sheaf associated to the presheaf
U— lim G(V).
—

Vof(u)

Example 57 (Y = Spec(k)): Let A be an abelian group, and define G by G(Spec(k)) = A.
Any f : X — Spec(k) is continuous, so the presheaf is

U — G(Spec(k)) = A. (120)
Thus, f~1(G) is the locally constant sheaf on X associated to A, i.e.

cts

U—{f:U—A}=A",
*Recall that f* : k — Ov,p,. We say that f is locally finitely presented.
#First and foremost, Oy, must be a field for this condition to be satisfied. In that case k < Oy, since f# is a local

homomorphism of local rings. We won’t discuss the definition of separable, but suffice it to say that pretty much any field
extension that you can think of is separable.
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where n is the number of connected components of U.

Example 58: [X = Spec(k)] Let f : Spec(k) — Y be continuous, let f(Spec(k)) = {P},
where P € Y (as Spec(k) is a single point), and let G be a sheaf on Y. Then
Spec(k) — lim G(V) = G, (121)

Pev

ie. f1(G) = Gp.

Inverse image for modules

Let f : X — Y be a morphism of locally ringed spaces. For a sheaf G of Oy-modules
on Y, the inverse image of G is

£(9) = £71(G) ®-10,) Ox-
Example 59: Let X = Spec(k) and Y = Spec(k’), where k is a finite separable field
extension of k', and let f : X < Y. Let G(Spec(k])) = M, which is a k'-vector space. Then
f(G) =Meypk, (122)
i.e. M as a k-vector space.

Example 60: Let f : X — Spec(k) be a scheme morphism, where k is a field, and let G = M,
where M is a k-vector space. Let My be the constant sheaf on X with values in M. Then

f*(G1) = Mx @ Ox. (123)

Inclusion morphism

Let Z C X be a subscheme with inclusion i : Z < X, and let F be a sheaf of Ox-
modules on X. The restriction of F to Z is F|z = i*(F).

Example 61: Let X = Spec(C|t]), Z = Spec(C), and let
i*:C[t] = C
t—0,
noting the following:

e By Richard40} Ox = C|[t] and Oz = C.

o A map of locally ringed spaces is a pair (i,i"), so here we're just specifying the second
part of that data.

o By Jeff3|and Richardd0} if and i* are the same (see the commutative diagram §4)).

This gives C the structure of a C[t]-module, which induces a C|t],c|y-module structure: if
z€C,f,g€C[t]and g & tC|t] then

(0)
0 (124)

- Z =

oq I+
—
e]

o)



Moreover,
i: 77— X

{0} = (") 71({0}) = rC[t].

Let F be the locally constant sheaf on Spec(C|[t]) with values in C[t|PY] Then, using example
and Richard40),

Flz =i"(F) =i Y(F) @-1104) C = Fici Ociy
where m € Z is irrelevant ]
Example 62: Let F be the twisted constant Z;-sheaf on Spec(k). Then
F=F®zQ
is a twisted constant Q;-sheaf, and is therefore constructible (as Spec(k) = {pt}).

C=CH" ®cy,, C=C, (125)

1Clt Hicls

Etale fundamental group

We want to mimic the ordinary fundamental group, as the deck transformation group
of the universal cover.

A scheme morphism f : X — Y is finite if Y has an open coverby affine schemes

V; = Spec(B;)
such that for each i,

) =u;
is an affine open subscheme Spec(4;), and the restriction of f to U;, which induces a
ring homomorphism

B; — A,

makes A; a finitely generated module over B;.

The subcategory FEt(X) of Et(X) has, as objects,

{7_[ .y finite, étale X}

Let X be a variety over a field k, and let ¥ : Spec(k) — X be a geometric point. Define
F : FEt(X) — Set
Y — Homyx(%,Y).

There is a projective system

X = (X;)
of finite étale coverings of X, indexed by a directed set I, such that
F(Y) = hin> Hom(X;,Y), (126)

iel
functorially in Y (for Y € FEt(X)). This defines X up to isomorphism, and we call X
“the” universal covering space of X.

SOBy Richarc@} OSpec(C[t]) >~ C[t]
511 read that m = 1, but I'm not so sure about the proof I saw.
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We can choose X such that each X; is Galois over X (i.e. the degree over X equals the
order of Autx(X;)). A map X; — X; (with i < j) induces a homomorphism

Autx(X]') — Autx(Xi),
and we define N
7T1(X, f) = Autx(X) = 1£nAutx(Xi).

1

Example 63: [X = Spec(k)] The separable closure of k in k, denoted k°°, is the unique
separable extension of k containing all separable extensions K of k such that K C k. Somehow

the choice of a geometric point ¥ is just the choice of k%¢F. Note that k%P = k if and only if
the field k is perfect (every finite extension is separable). Most fields occurring in practice are
perfect, so we will restrict to this case.

Let k = (k;)ie1 be the projective system consisting of all finite extensions of k contained in

kseP. We can equivalently work in the opposite category of Et(X), which comprises k-algebras,
Le.

Autx (X) = Auty(k), (127)
where _
Autk(k) = lgl Autk—alg(ki)- (128)
Then .
m (X, %) = Auty (k) = lgrl Gal(k;/k) = Gal(k**? /k), (129)
i.e. the “absolute Galois group”. For instance,
711 (Spec(R), Spec(C)) = Gal(C/R) — %
and _ -
711 (Spec(Q), Spec(Q)) = Gal(Q, Q).
We usually call Q the algebraic numbers.
Joe Chan Thursday 12 April 2012

Comment[SC] Every scheme X has a unique morphism X — Spec(Z), so every

scheme is a Z-scheme@ We’ve been working with what Macdonald calls preschemes,
and calling them schemes; a scheme is a prescheme X such that X — Spec(Z) is
separated]l% Also, a scheme is a locally ringed space (X, Ox) with conditions, so it
comes with a topology.

Let X be a connected Noetheriarﬁ k-scheme, let x : Spec(k) — X be a geometric
point, and let 711(X, x) be the étale fundamental group. If x’ is another geometric
pointﬂ then there is a pat@ between themﬂ which induces an isomorphism of

52Locally X = Spec(A), so the morphism is induced by Z — A.

53This probably isn’t important for now, but I've been getting this creeping feeling that we're all missing something.
S4covered by a finite number of Spec(A;) and each A, is a Noetherian ring

55We may allow ¥’ to map from a different algebraic closure. Definitions vary.

%j.e. an isomorphism between the fibre functors.

57X is Noetherian implies that it is locally path-connected. As X is also connected, this implies that X is path-connected.
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profinite group
m (X, x) = m (X, x).

Varying the path gives an inner automorphism, and indeed the isomorphism is
canonical up to inner automorphism, so henceforth we omit the basepoint (assume
that X is Noetherian, say) and note that the étale fundamental group is well defined
up to inner isomorphism.

If f: X — Y is a scheme morphism, then
f* : 7T1(X) — 7T1(Y)
is a group homomorphism, well defined up to inner automorphism.

Let X be normal, i.e.

e integral, i.e. reduced (each A; has no nonzero nilpotents) and irreducible;

e each A; is integrally closed.

Recall that, for a field k,

711 (Spec(k)) = Gal(k*F /k).
One example to bear in mind is, for any prime p,
where

. Z
Z = l(linﬁ = ];[ZP - (Fr]Fp,g)/
where Frp, o is the geometric Frobenius (defined soon).

If E > k is a finite field extension, then there is a map
11 (Spec(E)) — m1(Spec(k))
[E:K]
kg °
This is confusing. Actually I can’t see why the Gal(E*? /E) is cyclic unless E has
finite characteristic. Let’s go to that case, but let’s note the following first:

Frgg — Fr

Theorem 64: If A and B are C-algebras, then the diagram of affine schemes
Spec(A ®c B) — Spec(B)

Spec(A) — Spec(C)
makes Spec(A ®c B) into a fibre product:
Spec(A ®@c B) = Spec(A) Xgpec(c) Spec(B). (130)

A scheme X has characteristic p (where p is prime) if pOx = Oy, i.e. there exists a
map X — Spec(IF,) such that X — Spec(Z) factors through it.

%8 Topological groups assembled from finite groups.
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Let k = Fy, and let X be a k-scheme (then X has characteristic p). The absolute

Frobenius of X,
Fry: X — X,

is the morphism that is the identity on |X| and the pth power map on Oy, e.g. if

X = Spec(A) then
Fry:A— A
a— af.

Fix k/k and extend scalars:
X = Spec(k) Xgpec(k) X-
Locally,

A; = Spec(k) Xspec(i) Spec(A) = Spec(k & Ay).

The relative Frobenius is _
Fry = idgpec(r) X spec(k) Frx-
The geometric Frobenius is

-1 .
Fre = FrspeC (F) X Spec(k) idy.

The arithmetic Frobenius is
Frg = Frgpec(t) X spec(k) 1dx-

Example 65: X = Spec(A) = Spec(k[ty,...,tx]). Then
X = Spec(k x; A) = Spec(k[t1,. .., tu])-

Now

Fr, : t; vtV

Frg : a; — af
Fr. : a: 1/p
Tg:a; — 4
Frx :a; — af

tii—>tf

Here Frg acts on k by the inverse of the Frobenius automorphism Fr,.

For sheaf cohomology,

Frj = Fry : H*(Xet, F) — H*(Xet, F).
In particular, for [-adic cohomology (I prime),

Fr; = Fry : H*(Xe, Q) = H* (Xet, Q1)

For connected k-schemes X and S, define
(X/k)(S) = Hom(S, X).

(131)

(132)

(133)

Let F be a smooth, rank r, Q;-sheaf on X. By this gives a continuous Q-

representation )
A]: : 7T1(X) — GL(T’,QI).

Here k = F, is finite; we assume also that X is connected, normal, and finite (as a

k-scheme).
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Lemma 66: In this context, let n € Z~, and let k, C k be a degree n extension of k. Then

the set
(X/k)(kn)
is finite.

For n € Z~, define
Su(X/k,F)= Y, Tr(Ap(Fr, = )= Y Tr(Fre|F).
x€(X/K) (kn) nTr 8 x€(X/K) (kn)

The L-function attached to F is the formal power series L(X/k, F)(T) € 1+ TQ[[T]]
given by

= T 1
L(X/k, F)(T) =exp ) Sn(X/k,F)— = ,  (134)
5 v = L T )
where deg(p) is the degree of the corresponding Frobenius orbit.
This is analagous to (for a variety X over a finite field)
o) pm
Z(Xo,t) =exp ) Nm% € 1+t-Q[t],
m=1
where we have 1
Z(Xot)= ] —==- (135)
x€|Xo| 1 — tdeg(x)
To see this,
0 4rdegx
] Yl - ey =y, y oy desl) N
X€|Xo)| xelXolr=1 T xe|Xol:deg(x)|m T m
(136)

from equation (92).

Theorem 67 (Deligne’s target theorem): Let U be a smooth geometrically-connected curve

over a finite field k. Let | be a prime, invertible in k, and let F be a smooth Q-sheaf on U that
is [-prime of weight w.

Trithang Tran Thursday 19 April 2012

Before we start, let’s briefly touch upon some earlier parts of Deligne’s “Weil I" that

we’ve skipped for now.

2.2

Let I be a prime number, and let k be an algebraically closed field of characteristic
p # | (here p may be 0). We first define Z;(1) and Q,(1), which are isomorphic (as
groups) to Z; and Q; respectively. For n € Z, let l%(l) be the group of I"th roots
of unity in k. Each l%(l) is cyclic, and of order n, and is therefore isomorphic to the
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group ﬁ We get a projective system (inverse system) by

o 152(1) EEEN %(1), (137)
so let p
Zl(l) = lgn l_"(l) and Ql(l) = Zl(l) ®Zl Ql'

To see that Z;(1) is a Z;-module, note that Z;(1) ~ Z; as groups, and in particular
there is a canonical choice of embedding

Zl — Zl(l)

Q1) ~Q

as vector spaces over Q;. We now work in the category of vector spaces over Q;, and
implicitly regard duals and tensors as living in this category. For r € Z, le

Qi(r) = Qi(1)"".
Let Q;(0) = {0}, and for r € Z ¢ let

Qi(r) = Q(-1)"
be the dual vector space over Q;. The spaces Q;(r) are all isomorphic, but they will
be acted upon differently.

Note that

At this stage we summarise Deligne (1.11) to (1.13), and hope that somebody will
cover this material in a future talk.

1.11

Let X be a variety on IF;, where q = p* for some prime p and ¢ € Z~. Let X be the
variety on [F; obtained by extension of scalars. Let Fj be an étale sheaf of sets on X,
and let F be its inverse image sheaf on X. Recall from Dougal’s 8 March talk that
IF; — IF, induces Spec(IF;) — Spec(IF,), which gives U — U by

u Uy

Spec(IF;) — Spec(IF,).
The F is the inverse image sheaf using U — Uj.

Let F : X — X be the Frobenius (locally raises each coordinate to the gth power).
We show that the sheaf F*F is isomorphic to F via a canonical isomorphism F* :
F*F — F, and there follows a description of this isomorphism [omitted here]. This
construction generalises to Q;-sheaves.

1.12

%To see this, note that if t < nand y € % (1) has order I* then any Ith root of y has order I'*!. Repeating this process if

necessary gives a generator, which generates [ distinct elements of %,, (1), and we know there cannot be more because z" — 1 is
a degree [" polynomial.

60This tensor product is probably over Z because Deligne hasn’t yet mentioned regarding Q;(1) as anything but a group, and
also because he seems to specify the base ring when it’s needed. Still, we need to work with this in explicitly if we want to
understand it properly.
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Let Xy be a variety on [F;, and let F( be a Q;-sheaf on Xy. Let (X, F) be obtained from
(Xo, Fo) be extension of scalars from F, to F;. Let F: X — X and F* : F*¥ — F be
as in (1.11). The morphism F is finite, so F* defines an endomorphism@
F*:H{(X,F) = H(X,F*F) = H(X,F), i€ Zs. (138)
For x € |X|, there is a linear transformation
P;: : ‘FF(x) — Fy
induced by F* : F*F — F. For x € |X|F, this is an endomorphism of F;. Grothendieck
proved the Lefschetz formula
Y T(Ff, Fy) =Y (-1)'Te(F*, HA(X, F)), i€ Zso.
xe|X|F i
An analagous formula holds for iterates of F, as we now describe. The nth iterate of
F* (for n € Z) defines a morphism F;" : Fpn(,) — Fx. For x € | X|F", this is an
endomorphism, and
Yo Te(F, Fr) =Y (-1)'Te(F™, HUX, F)), i€ Zso. (139)

x€|X|E" i

1.13

Let x¢ € |Xp| with the previous setup. From (1.4), | Xy| is the space of Frobenius orbits
(see equation (91))). Let Z C |X| be the Frobenius orbit corresponding to xp, and let

x € Z. Recall that |Z| = deg(xp). As x is fixed by F*98(%0), we let
F, = F9s0) . r 5
and put
det(1 — Fy t, Fo) = det(1 — F{ t, Fx).
Up to local isomorphis the pair (Fy, Fy,) is independent of x, which justifies the
notation. Analagous notation will henceforth be used for other functions of (Fy, Fy, ).

Now we arrive at the present.

3.1

Let Up be a curve over IF, that is the complement of a finite number of closed points

in P!, and let be the curve over IF; induced by U. Let F( be a twisted constant Q;-
sheaf on Fy, and let F be the inverse image sheaf on U. Recall that we can regard Fy
as a finite-dimensional vector space over Q; on which 71 (U, 1) acts continuously for

every u € |U|. As I understand it, the geometric points are the closed points, with
our setup.

Let B € Q. The sheaf Fy is of weight B if the following condition is met: if x &

|Up| then the eigenvalues of F, acting on ]—"@ are algebraic numbers, all of whose

conjugates in C have absolute value qf/z, where g, = q9¢8(¥). For example, Q;(r) is

61Not sure how this works, but we encountered this in on of Sam’s previous talks, because F is (in particular) proper.
62Not quite sure what is meant here. Incidentally, étale morphisms are supposed to be analagous to local isomorphisms!
3This is an abuse of language, but it is explained in (1.13).
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of weight —2r for r € Z
Theorem 68: Let B € Z. Assume the following:

(i) Fo is endowed with a non-degenerate alternating bilinear form
¥ Fo® Fo — Qi(—p).
(ii) The image of 711(U, u) in GL(F,,) is an open subgroup of the symplectic group Sp(Fu, Pu).
(iii) For x € |Uy|, the polynomial det(1 — Fyt, Fo) has rational coefficients.

Then F has weight B.

Let’s unpack these assumptions a little. The stalk F, is a direct limit of finite-
dimensional vector spaces. We know that 771(U, u) is a continuous representation
of the finite-dimensional vector space F, so r11(U,u) C GL(F,). The bilinear form
1 is really a collection of bilinear forms

p(U) : Fo(V) @ Fo(V) = Qi(—B), for V=V XeEBt(X).  (140)
Note that Fo(V) @ Fo(V) = (Fo ® Fo)(V). We get, for x € Uy, a map 1 on the stalk
(f0®f0)x:fx®fx~
Using U — Uy, the form ¢ analagously induces
ll)x:fx®]:x %Ql(_ﬁ) (141)
The symplectic group is
Sp(Fu, Yu) = {M € GL(F,) :if v,w € F, then ¢,(Mv, Mw) = ¢, (v,w)}. (142)

This has a topology (possibly the subspace topology from GL(F,)), and forms a
topological group. Finally, one way to see the canonical embedding Q — Q; is via
Q; = Z; ® Q. It is important to remember that the characteristic of Q; is 0 and not /.

To prove the theorem, we can and will assume that U is affine and F # 0. We set up
the proof with some lemmata:

Lemma 69: Let k € Z~. For x € |Uy|, the logarithmic derivative
d
t% log(det(1 — Fytde8(®), Fo2k)-1)
is a formal power series with coefficients in Q>o.

Let x € |Up|. From 95}

[e¢]

t%log(det(l — Fytdes(x) o2y =1y — Y. Tr(FY, Fo2) e,

For n € Z~, the coefficient of " is

Te(FI, F%) = Te(F, Fo)* € Qso,
since (iii) implies that Tr(Fy, 7o) € Q (recall that det(1 — Fyt, 7o) = [];(1 — a;t), where
the a; are the eigenvalues of F).

n=1

4Where does this come from?
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Lemma 70: The local factors det(1 — Fytde8(¥), .7-"682’{ )~ ! are formal power series with coef-
ficients in Q.

The logarithmic derivative merely removes the constant term. However,
f(t) = log(det(1 — Fytde8®) Fo2k)-1)
has no constant term, so it is equal to its logarithmic derivative. Then
det(1 — Fyte8l), 22k ~1 — of(0)

and we can use the chain rule and product rule to show that the iterated derivatives
are > 0. To see that f(f) has no constant term:

det(1 — Fptdes(®), Fo2ky =1 = TT(1 — ajtdest0)) 1,
j
0 f(t) = log(det(1 — Fyt 51, FF2) 1) = — § Tlog(1 — at80).
]
Here the «; are the eigenvalues of Fy : F$'* — F{"*, and now £(0) = 0.

Lemma 71: Fori € Z, let fi = Y ;" oa;,t" be a formal power series with a;o = 1 and
ain € Rx>q for n € Z~o. Assume that the order of f; — 1 tends of infinity as i — oo, and let
f =T124 fi- Then the radius of converges of f; is at least that of f (for i € Z~y).

In other words, if f;(z) diverges, for some i € Z-g and z € C, then f diverges. To see

this, note that
£(2)] < fillz]),
so it suffices to prove it for z € IR>¢. This follows from the fact that
ay 2 Ay,
where f(t) = Yo7 o ant".

Lemma 72: Under the assumptions of lemma|/1} if f and f; are the Taylor series of mero-
morphic functions, then

inf{|z| : f(z) = oo} <inf{|z|: fi(z) = oo}.
This follows from lemma
We also quote (2.10):

2.10

For F a Q;-sheaf over an algebraic variety X over an algebraically closed field k,
define F(r) = F ® Q(r).

Lemma 73: Let X be a smooth, connected curve over an algebraically closed field k, let
x € |X|, and let F be a twisted constant Q;-sheaf. Then

(i) If X is affine then HO(X, F) = 0.
(ii)
HZ (X, F) = (Fa) my (x,0 (—1)-
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Part (i) just says that F has no section with finite support.

Proof of Theorem [68] Let k € Z~(. For each partition P of {1,2,...,2k} into two-
element subsets {iy, j,} (fora =1,2,...,k, and let iy < j, for all «), define
pp : Fy'? = Q(—kB)
X1 ®... ® Xoj > gb(xil,xh) XR...Q l[)(xik,x]'k).
Let x € |U|. Assumption (ii) implies that 7ty (U, u) is Zariski-dense in Sp(F,, ), so
the coinvariants of 7r1 (U, u) in F°?* are the coinvariants in F of the full symplectic
group.

Let P be the set of partitions P (as described above). For appropriate P' C P,
depending on dim(Fy), the p for P € P’ define an isomorphisn%
(Fi)m = (Fi)sp = Qu(—kB)7, (143)
where
0@ @x: P = Q(—kB)
P— l[Jp(xl X... ®x2k).

This induces an isomorphism

(Fi¥ ) (-1) = (FE¥)m, @ Qi(—1) = Qi(—kp — 1), (144)
where
X1R... Qx5 Yy : P — Qi(—kB—1)
P p(x1®...®x) ®y.

Let N be the number of elements in P’. Using (2.10)
HE (U, F2) = (Fi)m (<1) = Qu(=kp = 1) ~ Qu(-kp - 1), (145)

James will complete the proof next week. O

James Withers Thursday 26 April 2012

Let’s get a bit of background before completing the proof.
1.14

This extends the material covered in (1.11) to (1.13). Define Z(Xy, Fo,t) € Q[[t]] by
the product

Z(Xo, Fo,t) = [ det(1— Fitdes™), rp)~1L, (146)
x€|Xo|
If this is confusing, recall that det(1 — F;t9¢8(¥), ) = det(1 — F;t98(*), F,), that the

%Herman Weyl. The classical groups, Princeton University Press, chap. VI, s1 (analogous to chap. V).
% Are we totally cheating here? (2.10) requires U to be smooth and connected.
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stalk Fy is a finite-dimensional vector space, and that F; = F; +deg(x) : Fx — Fy. Here

deg(x) is the size of the Frobenius orbit of x € |X|, so F*9¢8(*)(x) = x. Recall that
we regard |Xy| as the space of Frobenius orbits in |X|.

Following (1.5.3), the logarithmic derivative of Z is

d t47(Xo, Fo,t) &
t—log Z(Xo, Fo, t) = & = Tr(F", Fo)t".  (147)

If F is the locally constant sheaf with values in Q;, we recover (1.1.2):
7 — H (1 _ tdeg(x))fl
x€[Xo|
To see this, use the handy formula
det(1—¢t) = [ [(1 —at), (148)

over eigenvalues « of the linear transformation ¢, counted with multiplicity. This can

be surmised from , .
det(? - 4>) ~T1 (? - oc), (149)

which holds because each side is the characteristic polynomial of ¢ evaluated at %

Recall equation (96):
Yo Te(F, Fy) =Y (-1)Te(F™, HA(X, F)), i€ Zs.
x€| X|F" i
Substituting equation (159) into equation (161), we find by the same calculation as
(1.5) the following generalization of equation (96):

1+1

Z(Xo, Fo, t) Hdet (1—F*t, H.(X, F))D™, (150)
This is an identity in Q,[[¢]].
1.15

This part is a dictionary for translating geometric language into the language of
Galois theory. Some details are omitted here, as we rush to the point. Let ¢ €
Gal(F,/F;) be the Frobenius x — x9. We can check that

* — §0_1
in End(H{ (X, F)). The geometric Frobenius is F = ¢! € Gal(IF,/F,). Then
F* = F. (151)
For x € | Xy, let x € | X| be a point in the orbit x. Then Fy = (Fp)y, and
Fi = Fy € End(Fy). (152)

where F; = F; deg(x) ¢ End(Fy). Significantly, equation (164) becomes
Z = (Xo Fo,t) = [ det(1— Ftdes), 7)1 Hdet (1—Ft, H{(X, F))~

x€[Xo|

)H—l
(153)
2.2 (continued)
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Let X be a smooth variety purely of dimension n over k, where the characteristic
of the field k is not I. The orientation sheaf of X in Il-adic cohomology is the locally
constant Q;-sheaf with values in Q;(n). The fundamental class is a morphism

Tr: HZ'(X,Q(n)) — Qy,
or, alternatively,
Tr: H>'(X, Q) — Q;(—2n).

2.3

Theorem 74: [Poincaré duality] If X is proper and smooth, and purely of dimension n, then
the bilinear form

Tr(-U-) : Hi(X,Qz) ® HZn_i(Xle) — Q(—n)
is a perfect pairing. As Qi(—n) ~ Q, the pairing identifies H(X,Q) with the dual of
H?"{(X,Q;(n)). In particular, H*"(X, Q) is identified with Q;(—n).

24

Let X be a smooth and proper variety over a finite field IF,;, purely of dimension n@
and let X be the variety over [F; be gotten from X by extension of scalars. From (2.3),
which Sam will cover next week, we deduce the following. If («;) are the eigenvalues

of the geometric Frobenius F acting on H'(X,Q;) then the eigenvalues of F acting on
H?"~{(X,Q) are (q”vcj_l).

2.5

For simplicity, assume that X is connected. We can phrase (2.4) in geometric (as
opposed to Galois) language:

1. The cup product between H'(X,Q;) and H?>"~ is a perfect pairing with values
in H?"(X,Qy), which has dimension 1.

2. The cup product commutes with F*.

3. The morphism F is finite and of degree ¢": on H**(X,Q;), the map F* is multi-
plication by ¢". From (2.3), this is also the action of F* on Q;(—n).

4. The eigenvalues of F* have the property (2.4).

We now arrive at the present. We'll start by finishing the proof of Theorem

3.7 (continued)

Proof. Remember we’re assuming that U is affine and that 7 # 0. We applied (2.10),
so we need U to be smooth and connected. Connectedness probably isn’t an issue,
because we can consider each component separately and see what happens. How do
we get around smoothness?

67j.e. each component has dimension #, for instance a curve is purely of dimension 1.
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Henceforth assume further that U is smooth and connected. From [164
Z (U, F§*, t) Hdet (1— F*t, Hi(U, F&2k)) =D

B det(1 — F*t, H} (U, F®2k))
det(1 — F*t,0)det(1 — F*t,Q;(—kB — 1)N)
det(1 — F*t, HY (U, F&%))
det(1 — F*t,Q;(—kB —1)N)’
The eigenvalue of F* acting on Q;(—kB — 1) is ¢*#*1 (from (2.5)), so
det(1 — F*t,Q;(—kB — 1)N) = det(1 — F*t,Q;(—kB —1))N = (1 — TN, (154)
Thus,

det(1 — F*t, HL (U, F®%))
(1= PN
Thus, the only only pole of Z is t = qkﬁ%' Recall from the definition that
Z(Up, F§%,t) = T det(1 — Fytdes), Fo2k) -1

xe|Uo|

Z(Up, F§*,t) =

(155)

Consider some x € |Up|. Let a be an eigenvalue of F, acting on Fy, and let 7y be a
conjugate of a in C Then a2 is an eigenvalue of Fy acting on .7-"(?2", SO
1
w2k / deg(x)
is a pole of det(1 — E,tdes(x) 7 ®2k)_1, so 7 is also a pole, since the determinant is a
polynomial. Now Lemma [72] implies that
2k 11 =z k1+1 ’
v / deg(x) q B

SO
DETH
Sending k — oo yields
7 < g
The existencg of ¢ ensures that qﬁ o 'BIS also an eigenvalue of Fy acting on F( (how?).

Moreover, gy~ ! is a conjugate of ga~! (easy to explicitly work out the minimal
polynomial in terms of that of «). Consequently,

2
ey < a8,
SO
71 > gk,
Whence, |y| = qx ®. We conclude that F has weight B. O
3.8

Corollary 75: Let a be an eigenvalue of F* acting on H:(U, F). Then a is an algebraic

68Note that a is an algebraic integer because its reciprocal is a root of det(1 — Fyt), which has rational coefficients by assump-
tion.
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number, and all of its conjugates «y € C satisfy
,5+1+
2

N|—

v <gq

Proof. The formula for o reduces to®]
Z(Uy, Fo, t) = det(1 — F*t, H:(U, F)). (156)
Assumption (iii) shows that Z(Up, Fy, t) has rational coefficientsm SO
det(1 — F*t, H:(U, F))

has rational coefficients. As 1/« is a root of this determinant, it follows that 1/«, and
thus «, is algebraic.

To complete the proof, it suffices to prove that Z # 0 for || < q‘g_l Let

B
it <q 27t

It suffices to prove that the infinite product

1 *
~ =[] detl-F t4e8() | 7o)
x€|X0|
converges absolutely. Let N be the rank of F. For x € |Up|, put

N
det(1 — F; 19809, 7y = TT(1 — o ,1980),
i=1
where the «;, are eigenvalues of F; acting on Fy. The infinite product converges
absolutely if and only if the infinite sum

% Z _ai,xtdeg(x)

i=1xe|Uy|
converges absolutely. Fixing i, it suffices to prove that
Z |‘Xi,xtdeg(X) ’
X€|U0|

converges. From Theorem

|“i,x
Let e > 0, and let |t| = q’g’l’s. Then
Z |0‘i,xtdeg(x)| = qulig'
xe|Uol x
On the affine line, there are g" points in [F;, so there are at most " closed points of
degree n (for each n € Z~). Thus,

Y s Yt =Y g <o, (157)
x n=1 n=1

%How does the second cohomology term disappear?
"OLet f € Q[[t]]. Then 1/f € Q[[t]], since we can exlicitly compute its iterated derivatives at 0 and they are rational.
Suppose we show this. As 1 is a root of the polynomial Z, it follows that % is too, for any conjugate v € C of a. Then

111247550 7] < g2t
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as |g7¢| < 1. We conclude that all conjugates v € C of « satisfy
B+1

[y < g2 2

O
Corollary 76: Let jo : Uy — ]P}Fq and j : U < P! be the canonical inclusion maps, and let

& be an eigenvalue of F* acting on H' (P!, j.F). The a is an algebraic number, and all of its
conjugates v € C satisfy

+1 +1
- B+

N—=
Nl

q <7 <q

Sam Chow Thursday 3 May 2012

1.11

Let X be a variety on IF;, where q = p* for some prime p and ¢ € Z~. Let X be the
variety on [F,; obtained by extension of scalars. Let Fj be an étale sheaf of sets on X,
and let F be its inverse image sheaf on X. Recall from Dougal’s 8 March talk that
IF; — IF, induces Spec(IF;) — Spec(IF,), which gives U — U by

u Up

Spec(IF;) — Spec(IFy).
The F is the inverse image sheaf using U — Uj.

Let F : X — X be the Frobenius (locally raises each coordinate to the qth power). We
show that the inverse image sheaf F*F is isomorphic to F via a canonical isomor-
phism F* : F*F — F, and there follows a description of this isomorphism [omitted
here]. This construction generalises to Q;-sheaves.

1.12

Let X be a variety on [F;, and let F( be a Q;-sheaf on X. Let (X, F) be obtained from
(Xo, Fo) be extension of scalars from F, to F,. Let F : X — X and F* : F*F — F be
as in (1.11). The morphism F is finite, so F* defines an endomorphism@

F*:H{(X,F) = H(X,F*F) - H.(X,F), i€ Zx. (158)
For x € |X|, there is a linear transformation

P;: : ‘FF(x) — Fx

induced by F* : F*F — F. For x € |X|F, this is an endomorphism of F;. Grothendieck
proved the Lefschetz formula

Y T(Ff, Fy) =Y (-1)'Te(F*, H(X, F)), i€ Zxo.

xe|X|F i

72Not sure how this works, but we encountered this in on of Sam’s previous talks, because F is (in particular) proper.
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An analagous formula holds for iterates of F, as we now describe. The nth iterate of
F* (for n € Z~) defines a morphism F;" : Fpn(,) — Fx. For x € |X|F", this is an
endomorphism, and

Yo Te(F, Fr) =Y (-1 Te(F™, HUX, F)), i€ Zso. (159)

x€|X|F" i

1.13

Let x¢ € |Xo| with the previous setup. From (1.4), | Xy| is the space of Frobenius orbits
(see equation (91)). Let Z C |X| be the Frobenius orbit corresponding to x(, and let

x € Z. Recall that |Z| = deg(xq). As x is fixed by F*98(*0), we let
Fi = F 8 F o F,
and put
det(1 — Fy t, Fo) = det(1 — Fy t, Fx).
Up to local isomorphismm the pair (Fy, Fy,) is 1ndependent of x, which justifies the
notation. Analagous notation will henceforth be used for other functions of (Fy, Fy, ).

1.14

This extends the material covered in (1.11) to (1.13). Define Z(Xy, Fo,t) € Qy[[t]] b
the product

Z(Xo, Fo,t) = [ det(1— Fptdes™), Fp)~1, (160)

x€|Xol
If this is confusing, recall that det(1 — F;t9e8(¥), Fy) = det(1 — F;t98(*), F,), that the
stalk F, is a finite-dimensional vector space, and that F; = Ey deg(x) : Fy — Fx. Here

deg(x) is the size of the Frobenius orbit of x € |X|, so F*9¢8(*)(x) = x. Recall that
we regard |Xp| as the space of Frobenius orbits in |X|.

Following (1.5.3), the logarithmic derivative of Z is

d 4 7(Xo, Fot) & n
talogZ(Xo,]-"o,t)— Z (X0, Fo 1) =) Y. Tr(FS", Fo)t".  (161)

=1 xe|X|F' =Xo(Fyn)

If F is the locally constant sheaf with values in Q;, we recover (1.1.2):

7 = H (1— tdeg(X))—l

XE‘X0|
To see this, use the handy formula

det(1—¢t) = [ J(1 —at), (162)

over eigenvalues « of the linear transformation ¢, counted with multiplicity. This can

be surmised from . .
det<? . <p> ~T1 (¥ - zx>, (163)

which holds because each side is the characteristic polynomial of ¢ evaluated at %

73Not quite sure what is meant here. Incidentally, étale morphisms are supposed to be analagous to local isomorphisms!
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Recall equation (96):
Yo Te(F, Fy) =Y (-1)Te(F™, HA(X, F)), i€ Zs.
x€|X|F" i

Substituting equation (159) into equation (161), we find by the same calculation as
(1.5) the following generalization of equation (96):

1+1

Z(Xo, Fo, t) Hdet (1—F*t, H(X, F))0", (164)
This is an identity in Q;[[¢]].
115

This part is a dictionary for translating geometric language into the language of
Galois theory. Some details are omitted here, as we rush to the point. Let ¢ €
Gal(IF,;/F;) be the Frobenius x — x7. We can check that

F* =g
in End(H{ (X, F)). The geometric Frobenius is F = ¢! € Gal(IF,/F,). Then
F*=F. (165)
For x € |Xp|, let x € | X| be a point in the orbit x. Then Fy = (Fp)x, and
Fi = Fx € End(Fy). (166)
where F} = F, deglx) ¢ End(Fy). Significantly, equation (164) becomes
Z = (Xo, Fo,t) = ] det(1— Fetdes®), Fp) Hdet (1—Ft, H.(X, F))-V™",

x€|Xo
(167)

2.2

Let I be a prime number, and let k be an algebraically closed field of characteristic
p # | (here p may be 0). We first define Z;(1) and Q;(1), which are isomorphic (as
groups) to Z; and Q; respectively. For n € Z-, let l%(l) be the group of I"th roots
of unity in k. Each % (1) is cyclic, and of order 1, and is therefore isomorphic to the
group anZ We get a projective system (inverse system) by

Lo 152(1) s %(1), (168)
so let o
Z,(1) = lim l”(l) and Q1) =7Z(1) ®z Q.

To see that Z;(1) is a Zl-module, note that Z;(1) ~ Z, as groups, and in particular
there is a canonical choice of embedding

Z; — Zl(l).

Q(1) = Q

as vector spaces over Q;. We now work in the category of vector spaces over Q;, and

Note that

4To see this, note that if t < n and y € l% (1) has order I* then any Ith root of y has order I'*!. Repeating this process if

necessary gives a generator, which generates " distinct elements of IZ“ (1), and we know there cannot be more because z" — 1 is
a degree I" polynomial.
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implicitly regard duals and tensors as living in this category. For r € Z-, le
Qi(r) = Qi(1)"".
Let Q;(0) = {0}, and for r € Z_ let
Q(r) = Q(-r)"
be the dual vector space over Q;. The spaces Q;(r) are all isomorphic, but they will
be acted upon differently.

The orientation sheaf of X in [-adic cohomology is the locally constant Q;-sheaf with
values in Q;(n). The fundamental class is, for each n € Z~, a morphism

Tr: H'(X,Qi(n) = Q,
or, alternatively,
Tr: H2'(X, Q1) — Qi(—2n).

2.3

Theorem 77: [Poincaré duality] If X is proper and smooth, and purely of dimension n, then
the bilinear form

Tr(-U-): H(X,Q) ® H" (X, Q) — Q;(—n)
is a perfect pairing. As Q;(—n) =~ Qq, the pairing identifies H'(X,Qy) with the dual of
H?""(X,Qy(n)). In particular, H**(X, Q) is identified with Q;(—n).

24

Let X, be a smooth and proper variety over a finite field IF;, purely of dimension nm,
and let X be the variety over IF, be gotten from X by extension of scalars. From (2.3),
we deduce the following. If («;) are the eigenvalues of the geometric Frobenius F

acting on H'(X, Q) then the eigenvalues of F acting on H*"~(X, Q) are (q”ocj_l).

Let’s think about how to prove this. Dougal’s argument (13 January) gives a unique
F,: H(X,Q;) — H'(X,Q;)

such that
FixUy=xUF'y

for x € H(X,Q;) and y € H*"7/(X,Q). If x is an eigenvector of F* acting on
H'(X, Q) with eigenvalue «, then

aF,xUy =FRF'xUy=FxUFy=F'(xUy)=4"xUy,
for y € H*"1(X,Qy), so & # 0, and F.x = g"a~!x. It therefore suffices to show that
F. ~ H'(X,Q;) and F* ~ H?>"~(X,Q;) have the same eigenvalues.

For x € H'(X,Q), let x¥ € H*~/(X,Q) be the dual element (fix a basis and dual

75This tensor product is probably over Z because Deligne hasn’t yet mentioned regarding Q;(1) as anything but a group, and
also because he seems to specify the base ring when it’s needed. Still, we need to work with this in explicitly if we want to
understand it properly.

76i.e. each component has dimension n, for instance a curve is purely of dimension 1.
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basis). Define
F:H'(X,Q) — H(X,Q)
x = F*(xV)V.
Define a bilinear form on H'(X, Q) by

(x,y) = Te(x Uy"). (169)
This is symmetric:
(ry) =Te(xUy") =y'(x) =y'x =xy =Te(yux") = (y,x).  (170)
For x,y € H'(X,Q)),
(Fx,y) = Te(FaxUy") = Te(x UF*(y")) = (x, Fy), (171)

so F; and F are adjoint. Thus F; has the same eigenvalues as F, which has the same
eigenvalues as F* ~ H>"7/(X, Q).

2.5

For simplicity, assume that X is connected. We can phrase (2.4) in geometric (as
opposed to Galois) language:

1. The cup product between H'(X,Q;) and H*' is a perfect pairing with values
in H*"(X,Q), and the latter has dimension 1.

2. The cup product commutes with F*.

3. The morphism F is finite and of degree ¢": on H**(X,Q;), the map F* is multi-
plication by ¢". From (2.3), this is also the action of F* on Q;(—n).

4. The eigenvalues of F* have the property (2.4).

2.6

Put ) .
X(X) = L (~1)'dimH(X, Q).

If n is odd, the form Tr(- U -) on H" (X, Q) is alternating, since
xUx=(-1)"(xUx), x€H"(X,Q). (172)

Fact. If V admits a nondegenerate alternating bilinear form then dim(V) is even.

It follows that nx(X) is always even, since
x(X) = (-1)"dimH" (X, Q)) +2ni(—1)idimHi(X,Qz). (173)
From (1.5.4), (2.3), and (2.4), we deduce that -
Z(XO, %) = e "2 Z (X, t),

where ¢ = £1. Dougal showed us this on 13 January 2012. If n is even, let N be the
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multiplicity of the eigenvalue g"/? of F* acting on H"(X,Q;). Then
1, if n is odd
EZV(=1)N, ifnis even.
To derive this, let B; = dimH'(X, Ql) Then

(%) ~T10-5) " -11(-5) " T10-1)"

)1+1

q't
) . (—1)i+1
-—fl(‘&ﬁ) 1'E}<1_“£—uo |
:t)(Z(XOIt).H<_zT:>(—1)i
1,] !
n o\ (—1) n=1 oy (=1) "D
:tXZ(XO’t).IZI<_aqTIj> 1 _i_017[<_0%j> 1( Oézz 1,]) 1

(="
— (XZ(Xo,t) S
o Tlrcmm(- )
Consider F* ~ H"(X, Q). If n is odd, then Tr(- U -) is alternating, so the eigenvalues
pair up, and
1 _ mx/24x
5ﬁ)—q 7 (Xo, 1)
To show that the eigenvalues pair up, suppose x € H"(X, Q) is an eigenvector with
eigenvalue A. Fory € H"(X,Q),
yUAxY = AxUyY = F'xUyY = yUF*(x"), (174)
so F*xV = Ax". As Tr(- U-) is alternating, x and x" are linearly independent.

Z<Xm

n/2 n/2'

If n is even, then there may be unpaired eigenvalues, which must be g
Thus,

or —q

1 n
— o g"™X/24x
Z(Xo,q t) €-q t Z(Xo,t),
where ¢ = —1 if qn/Z is unpaired and ¢ = 1 otherwise.

2.7

We will need other forms of the duality theorem. The case of curves will suffice for
our purposes. If F is a Q;-sheaf on a variety X over an algebraically closed field k,
we write F(r) for the sheaf F ® Q;(r). This is (non-canonically) isomorphic to F.

2.8

Theorem 78: Assume that X is smooth, purely of dimension n, and F twisted constant. Let
F be the dual of F. The bilinear form

Tr(-U-): Hi(X,]:) ® chn_i(X,]:\/(n)) — HCZ”(X,.F@.F\/(n))
— HZ"(X,Q(n)) = Q

is a perfect pairing.
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2.9

Assume that X is connected, and let x € |X|. The functor F — Fy is an equiva-
lence between the category of twisted constant Q;-sheaves and the category of finite-
dimensional Q;-vector spaces on which 711(X, x) acts continuously. This identifies
HY(X, F) with the invariants of 711(X, x) acting on Fy:

HO(X, F) = Fo&»), (175)
For X smooth, connected, and dimension 7, (2.8) now gives

H2'(X, F) = H(X, 7V (n)) = (Fy (n) )",

The duality exchanges invariants (largest invariant subspace) and coinvariants (largest
invariant quotient). The formula becomes

HE(X, F) = (Fa)my (x0 (—1)-
We will only use this for n = 1.

2.10

Scholium. Let X be a smooth, connected curve over an algebraically closed field k, let
x € |X|, and let F be a twisted constant Q;-sheaf. Then

(i) HY(X,F) = 0if X is affine.
(i) HZ (X, F) = (Fa)my (x,0(=1).

The assertion (i) simply indicates that / does not have a section with finite support.

211

Let X be a projective curve, smooth and connected over an algebraically closed field
k. Let U be an open subset of X, the complement of a finite subset S C |X|. Let j be
the inclusion U — X, and let F be a twisted constant Q;-sheaf on U. Let j; be the
direct image constructible sheaf of F. Its fibre at x € S is of rank less than or equal to
the rank at a general point; this is the space of invariants under the local monodromy
group.
2.12
Theorem 79: The bilinear form

Tr(-U-) :H (X, juF) @ H (X, j. FY (1)) = HX(X, ju F @ ju F ¥ (1))

— H(X,j.(F © F)(1)) = H(X, -Qu(1)) = H*(X,Q(1)) = Q

is a perfect pairing.

2.13

It will be convenient to have at our disposal the Q;-sheaf Q;(r) for general schemes X
where [ is invertible. The point is to define the % (1). By definition, % (1) is the étale
sheaf of ["th roots of unity.
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Joe Chan Thursday 10 May 2012

A generic point in a topological space X is a point that is dense in X. Under the
Zariski topology, a set is irreducible if and only if it has a generic point. Weil’s notion
was obsoleted in 1957 by Zariski. Let R be a discrete valuation ring. Then Spec(R)
comprises two points: a generic point, {0}, and the special point (or closed point), which
is the unique maximal ideal (note that every prime ideal is maximal in a DVR). For
maps to Spec(R), this gives a notion of the special fibre and the generic fibre. Such
language can describe local Lefschetz theory, and we present this first for C and then
in greater generality.

4.1

On C, the results of local Lefschetz theory are as follows. Let D = {z € C: |z| < 1},
let D* = D — {0}, and let f : X — D be a morphism of analytic spaces We assume

that

(a) X is non-singular, and purely of dimension n + 1;

(b) f is proper;

(c) f is smooth away from a point x in the special fibre f~1(0);

(d) x is a nondegenerate quadratic point of x.

Let us unpack these assumptions a little.

(a) X is non-singular, meaning that it's a complex manifoldm and of pure dimension
n + 1, meaning that each component has dimension n + 1.

(b) f is proper, meaning that the preimage of a compact set is compact.
(c) This means that if x € X and f(x) # 0 then f is holomorphic at x.
(d) This means that f'(x) = 0 and that the Hessian H is nonsingular, i.e. det(H) # 0.

Let t € D* and X = f~!(t) be “the" general fibre. To the previous data, we associate

(a/) Specialization morphisms
sp : H'(Xo,Z) — H'(X;, Z),
defined as follows: X is a deformation retract of X, and sp is the composition
H(Xy,Z) < H'(X,Z) — H'(X;,Z).

77 An analytic space X is a generalization of analytic manifolds that allows for singularities. The ring of analytic functions
X — C makes such a space into a locally ringed space. The category of analytic spaces is a subcategory of locally ringed spaces.
Analytic spaces are analytic varieties patched together.

78We're effectively making the assumption that X is a complex manifold (biholomorphic transition maps), so we don’t really
need to know what a singularity is. Roughly, a point x is nonsingular if it has a neighbourhood that is isomorphic to (U, Oy)
for some integral domain U.
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(b/) Monodromy transformations
T:H (X, Z) - H (X, Z),
which describe the effect on the singular cycles of X; as t “winds around 0". This
is also the action of the positive generator of 771(D*,t) on H'(X;, Z), the latter

being the fibre of the local system R'f.Z|p- over t (here the underscore denotes
locally constant sheaf).

Lefschetz theory describes (a/) and (b/) in terms of the vanishing cycle 6 € H"(X;, Z),
which we do not define here For i # n,n + 1, we have an isomorphism

H(Xo,Z) = H'(X;, Z).
For i = n,n + 1, we have an exact sequence

x—(x,9)

0 — H"(Xo,Z) — H"(X;,Z) Z — H""\(Xo,Z) — H" Y (X;,Z) — 0. (176)
Presumably (x,J) is an inner product inherited from the complex structure, though
this is just a guess. In this case there would need to be some canonical way to pick

a basis, perhaps generalizing this footnote@ For i # n, the monodromy T is the
identity. For i = n, we have

Tx =x =+ (x,0)0. (177)
The following table provides data depending on n mod 4:
n_mod 4 1 0 |1 | 2 | 3
sign - - + +
(0,9) 2 0 2 0
To -4 ) -6 )

The monodromy transformation T preserves the intersection form Tr(-U-) on H"(X;, Z).
I would interpret this as follows: if x,y € H"(X;, Z) then

Te(Tx U Ty) = Tr(x Uy). (178)

For n odd, T is a symplectic transvection{""| For n even, T is an orthogonal symmetry
(equivalently: symmetric isometry, or selt-inverse isometry).

That concludes our discussion of (4.1). We will generalise this in (4.2), but for now
we just discuss some arbitrary aspects of this. The disk D is replaced by the spectrum

S of a Henseliar@ DVR A with algebraically closed residue field. The morphism
f : X — S is proper if and only if it is: separated, of finite type, and universally closed.

Recall that f : X — S is of finite type if there exists a cover {V; = Spec(B;)} of S such
that each f~!(V;) can be covered by a finite number of Ujj = Spec(A;;) such that each
Ajj is finitely generated as a Bj-algebra. The morphism f : X — S is separated and
universally closed if the following condition is met.

7P[SGA 7] XIII and XV is the general reference given for vanishing cycles. Alternatively, see Lefschetz[10].

80http://mathoverflow.net/questions/56082/vanishing-cycles-in-a-nutshell

81 A transvection (or shear matrix) is a matrix with 1s along the diagonal and precisely one other nonzero entry. A matrix
is symplectic if it preserves a given bilinear form. There is a natural Hermitian form upon choosing a basis. Note that the
symplectic group is generated by the set of symplectic transvections.

82Hensel’s lemma holds: a simple root of a polynomial modulo a prime ideal p lifts to a unique root modulo any power of p.

68


http://mathoverflow.net/questions/56082/vanishing-cycles-in-a-nutshell

Let R be a valuation ring with field of fractions K (so R is an integral domain, and

if x € Kthen x € Ror x~! € R), and let i : Spec(K) — Spec(R) be induced by the
canonical inclusion R — K. If the following diagram commutes, then there exists a
unique morphism Spec(R) — X that commutes with the diagram:

Spec(K) —— X
| |7 (179)
Spec(R) —— S.
Wet conclude with the statement of a crucial theorem in the context of the Weil con-
jectures.

Theorem 80 (existence of Lefschetz pencils): Let X be a smooth complete surface over an
algebraically closed field k. Then there exists

e a surface X* that is obtained from X by blowing up a finite number of points, and

e amap : X* — P!,
such that condition (L) is satisfied. Condition L is as follows.

(a) 7t is proper and flat. Moreover, there exists a section
s: Pt — X*
of 7.
(b) Any generic fibre of v is a smooth curve.

(c) The closed fibres (fibres over special points) are connected with at most one node (ordinary
double point).

Joe Chan Thursday 17 May 2012

We begin with some intuition on vanishing cycles.
Picture 1, from mathoverflow

Let (Xt)tec be a family of complex nonsingular plane cubics degenerating to a nodal
cubic Xy. We can construct a basis of real curves a;, By € Hy(X;, Z) such that gy —
Bo € H1(Xo,Z) and a; — 0 as t — 0. Transporting these cycles around a loop in
the t-plane, we get a new basis T(a;), T(B¢). This is related to the old basis by the
Picard-Lefschetz formula,

T(at) = at
T(Bt) = Bt £ (ar - Br)as.

The effect is to cut along «;, twist around B;, and re-glue.

How does this generalise to higher homology?
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Picture 2, from Freitag and Kiehl

Let Ay be a sheaf over X with Lefschetz pencil X and Lefschetz fibration f : X — IP".
Let A = %, where r is invertible on P’ under f : X — P’. Let s, € X be a closed
point and a generic point respectively. There is a specialisation map

between the stalks. The “local nature” is f : X — Spec(R), where R is a strictly
Henselian DVR.

A discrete valuation ring (DVR) is a local PID that is not a field. A local ring R with
maximal ideal m is Henselian if Hensel’s lemma holds; in other words, if P € R[X]
is a monic polynomial, then any factorization of its image in 2[X] into a product of
coprime monic polynomials can be lifted to a factorization in R[X]. A Henselian ring
is strict if its residue field is separably closed.

Example 81 (p-adic integers): Assume that X is pure of real dimension n + 1 (where n
is odd). Let f : X — Spec(R), where R is a strict Henselian DVR. Assume that f is flat,
proper, and smooth away from the node. Recall that

sp: H'(Xs,A) — H'(Xy, A)
is an isomorphism for i # n,n + 1. For p = n, the morphism sp is injective, and
coker(sp) = (9).
Intuitively, H"(Xs, A) has a basis of Bs, and H" (X, A) has a basis of as.

Recall the following existence theorem.

Theorem 82 (existence of Lefschetz pencils): Let X be a smooth complete surface over an
algebraically closed field k. Then there exists

e a surface X* that is obtained from X by blowing up a finite number of points, and

e amap : X* — P!,
such that condition (L) is satisfied. Condition L is as follows.

(a) 7t is proper and flat. Moreover, there exists a section
s: P! — x*
of 7.
(b) Any generic fibre of v is a smooth curve.

(c) The closed fibres (fibres over special points) are connected with at most one node (ordinary
double point).

We give a brief description of a blowup at a point. Given a node, we want to
“straighten” the curve locally. In particular, we want to resolve a neighbourhood
around the node so that we don’t have two tangent directions at the point. To achieve

70



this, we replace the point P by the space of directions through P. There is a more alge-
braic picture for schemes, but for now consider blowing up a point P in a plane. The
space of directions though P is called the exceptional divisor, which is the projectivised

normal space at P, and is isomorphic to IP1.

We give a brief description of projective duality, in preparation for defining Lefschetz
pencils. Let k be a field and m € Z~. There is a bijection between points in kP and

hyperplanes in k" *1 given by

(g = o] — {(x0, .-, xn) s uoxg + ... + Upx, = 0}. (180)
In other words, the dot product is zero. We can check that this criterion is well
defined, though the dot product need not be an inner product.

We now define Lefschetz pencils (see [7]). Let k be a field, let m € Z~, and consider
(kP™)Y = Gr(m, k™ *1).
A pencil of hyperplanes in P™ is a line in (kIP™)". Let D be such a pencil. If Hy, Ho € D
are distinct, then
D = {aHy + BHe | [a : B] € kIP1}.

The axis of D is
N{H:H € D} = HyN He.

In other words, if P € Hyp N He, then P is in every hyperplane in the pencil.

Assume that k is algebraically closed. Let X be a nonsingular projective variety of
dimension d > 2, and embed X in kIP"". A pencil D is Lefschetz if there exists an open
dense subset U of D such that the following conditions are met:

(a) The axis of D cuts X transversally.
(b) If H € U then the hyperplane section Xy = X N H is nonsingular.
(c) If H € D\ U, then Xp has precisely one singularity, and it is a node.

Joe Chan Thursday 24 May 2012

4.2

We generalise the story from (4.1), replacing D with S.

Let S = Spec(A), where A is a strictly Henselian DVR, and let f : X — Spec(A) be
a proper morphism of analytic spaces. Let # be the generic point of S (spectrum of
the field of fractions of A), and let s be the closed (i.e. special) point (spectrum of the
residue field). The role of ¢ is played by a generic geometric point 77 (spectrum of an
algebraic closure of the field of fractions of A).

Assume that X is regular, of pure dimension n + 1, and smooth but for an ordinary
quadratic point in the special fibre X;. Regular: every localisation (Ox ,, my) has my

generated by n + 1 elements. Let I be a prime different to the characteristic p of %,
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and let X;; be the generic geometric fibre. There is a specialisation morphism
sp(H' (X, Qi) <= H'(X, Q1) = H'(X5, Q). (181)

The role of T is played by the action of the inertia group I = Gal(7/7) ﬁ acting on
Hi(Xﬁ,Ql) by transport of structure (cf 1.15):

I =Gal(7j/n) — GL(H'(X;,Q)))- (182)
The data (I81) and (I82) entirely desribe the sheaves R'f,Q; on S.

4.3

Putm = |n/2]. We can still define sp and local monodromy in terms of the vanishing
cycle

5 € H"(X;,Q))(m). (183)
This cycle is well defined up to sign. For i # n,n 4 1, we have
H'(Xs, Q1) = H' (X7, Q). (184)
For i = n,n + 1, we have an exact sequence
0 = H"(Xs, Q) — H'(X;, Q) % @) (m — n)
— H"™(X,,Q)) — H"™ (X5, Q) — 0. (185)

The action of I (local monodromy) is trival if i # n. For i = n, it is as follows.

A) n odd. We have a canonical isomorphism@
ty: I — Zl(l) ’

and the action of ¢ € [ is
x — x+t(0)(x,0)0.

B) n even. We don’t use this case. We just say that if p # 2 then there exists a unique
order two character
e: ] — {£1}

such that

o) = e o), o]

The signs + in A) and B) are the same as in (4.1).
4.4
These results imply the following information about the R, Q.

a) 6 #0.
1) For i # n, the sheaf R'f,Q; is constant.

83Note that I is the étale fundamental group 71 (X, 77). As a geometric point, 7j is induced by A — k%P, where k is the field of
fractions of A (the algebraic closure is given by 77 = Spec(k), and this contains a unique separable closure). See example

84Let k and k*P be as in the previous footnote. Then Gal(#7/17) = Gal(k*%P /k). This acts on Z (1) be permuting the I"th roots
of unity, and this induces an action on Z;(1).

72



2) Let j be the inclusion of 7 in S. We have
R"f.Q; = j«j"R"£.Qy.

b) 6 = 0. This is an exceptional case. As (J,6) = =2 for n even, this case can only
occur when 7 is odd.

1) For i # n + 1, the sheaf R'f,Q is constant.

2) Let Q;(m — n)s be the sheaf Q;(m — n) on {s} | extended by 0 on S. We have
an exact sequence

0 — Q(m—n)s — R"™£,Q; — j,j*R" £,Q; — 0,
where j,j*R"T1£,Q; is a constant sheaf.

Yi Huang Thursday 31 May 2012

The Weil conjectures have four parts. The main ingredient for three of them is /-adic
cohomology, so let’s recap how that works.

We can count #X,, by regarding X, as the set of fixed points of the Frobenius and

using the Lefschetz fixed point theorem:

2n ) 7 X
; t i

Z(X,t) = [Texp(Y Tr(F*, H(X,Q))—) V.

Hewth r

Recall this fact from linear algebra:

exp(Tr(Y Art?)) _ det(1 — Af) 1.
r=1
Now

2n .
Z(X,t) = [ [ det(1 — Ft)-V"™,
i=0

This gives us rationality, Betti numbers, and the easier part of the Riemann hypothe-
sis. The duality comes from Poincaré duality, with a bit of algebra. We proved most
of the Riemann hypothesis for curves in section 3. In general, we need the machinery
of Lefschetz pencils.

A Lefschetz pencil is a fibration over CP! = S2, nice at all but finitely many points.
In other words, if we remove the bad points and their fibres, we get a really nice
tibration. If we cut between the bad points and remove the corresponding fibres, we
get a fibration over a contractible space. We can get the homology above from the
homology of the fibres. The bad fibres correspond to vanishing cycles.

Let’s talk sheaves.
Egl

Consider the topological space {x*}, and assign to it the constant sheaf R (which is an

8The étale morphism s — S is induced by A — A/m.
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abelian group).
Eg2

Consider S' C C with topology
T={®,8,s" —{1},8' — {-1},8' — {+1},SL =Ss'nHT,sL. =S'NnH"}, (186)
where H" = {z € C:Im(z) > 0} and H- = {z € C : Im(z) < 0}.

We get the following ‘irreducible” inclusions.

We get a presheaf by reversing the arrows and going to abelian groups. We again



take the constant sheaf R.

R
R R
R®&R
R R
0

In the above commutative diagram, 2 — (4,4) : R - R@® R and (a,b) — a+b :
R&R — R.

What does an arbitrary sheaf on S! look like? The following is a criterion for a
presheaf to be a sheaf.

Lemma 83 (Yisy lemma): Let F be a presheaf on a topological space X.

(a) Let V1, V, be open subsets of X such that the following is a commutative diagram of
inclusions that does not factor.

ViuWw,

Vinv,



Applying F gives

N
S s
Ry R>
& \Y
M
Then (N, f1, f2) is isomorphic to {(v1,v2) € R1 ® Ry : ¢1(v1) = @2(v2) } with projec-

tion maps.

(b) Assume that X is compact and that the above holds everywhere. Then F is a sheaf.

Proof. Think of the assigned abelian groups as functions. The sheaf axioms say that
functions that agree on overlaps glue to a unique function. The union corresponds to
N, the overlap to M, and the agreement is the commutativity of the diagram. O

Eg3

We learn that an arbitrary sheaf on S! looks like this.

N
N

A1 @ Ay

VRN
\/

Here C = {(bl, bz) €EB1DB: ¢1 bl
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Now let’s talk sheaf cohomology.

Recall that an object Q is injective if morphisms to Q can be extended. More precisely,
given A — B and A — Q, there exists B — Q making the diagram commute.

A Q

R4

B
In the category of abelian groups, injective objects look like quotients of Q-vector
spaces. Note that Z is not injective, as seen from the following diagram.

1
Z Z
z

Priifer groups are also injective. For a prime p, the Priifer p-group is the Sylow
p-subgroup of %,

o1 2|1/
Z[p®] = [Z bl (187)
It has presentation
Z[poo] — <.X1,JC2,.X3,... ‘ xi) = ],xé7 = xllxg — xZ,”.>. (188)

So how to we compute sheaf cohomology?

1. Get a sheaf F on X.
2. Find an injective resolution

0 F—=1V 51— .

3. Apply global sections (I'), which is evaluation (what does X map to?), to get a
cochain complex of abelian groups.

4. Apply the right derived functor. In other words, replace the head with a {0}
and compute cohomology. As the global sections functor is left-exact, we would
never get any nonzero cohomology from the head anyway.

Egl

Cohomology of a point.

1. Sheaf: {x} — R.

2. Injective resolution:

({*} = {0}) = ({*} = R) = ({*} = R) = ({*} = {0}). ~ (189)
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3. Global sections: 0 - R — R — 0.

4. Replace the head with {0}:
0= R —0. (190)
This gives

H({hR) = {§ 20 (191)
Eg2

Cohomology of S! with topology T.

1. Sheaf: constant sheaf R.

2. Injective resolution. Intuitively, for an injective sheaf, the dimension doesn’t get
smaller as you go up. The injective resolution begins with

R®&R

SN
NN
NN
N\ \.

Then sheafify the cokernel presheaf, since the image sheaf in the category of

R®&R

(192)
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SN N
NSNS
NN
NSNS

It was clear from the Yisy lemma what the answer would be, but how did the
sheafification actually work? From the presheaf, we get the stalk being R at £1
and {0} everywhere else. What does the stalk do intuitively? Functions are the
same if they’re the same in some small neighbourhood. For an open set V, we
therefore get R worth of functions for each point in V N {£1}.

(193)

3. Global sections: 0 —+ R — R?> — R? — 0. The map R? — RR? factors through
R before sheafification, so its image is one-dimensional, so its kernal is also
isomorphic to R.

4. Replace the head with {0}:

0— R2EX=R R2 0, (194)
This gives
i _JR, ifi=0,1,
H'({*},R) = {O, otherwise. (195)

Etale cohomology

In Zariski topology, the open set S! — {£1} (this is a scheme with S! = CP!) cannot
be split into S and S!, so we would get trivial cohomology. In étale topology, we
still can’t add these sets to the topology, so what do we do?

Regard S! as
C—{0}
Spec(Clt, t71])°
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The denominator is C*, as a set at least. We can interpret the “polynomials" more
geometrically:

Cltt ™! = M
xy —1
Let V = (Spec%, O). Consider the following family of morphisms.
Qi V-V
X
Yy

To be continued (Yi: although this is continued at some point, I never did successfully
manage to do this computation).

Alex Ghitza Thursday 7 June 2012

Previously, in [3], Deligne showed that the Weil conjectures implied the Ramanujan-
Petersson conjecture:

Theorem 84 (Theorem 8.2, [3]): Let N > 1 and k > 2 be integers. Let f € S} (I'o(N))
be an anemic Hecke eigenform with Fourier expansion (ay). Then

jap| < 2pk1/2
for primes p that do not divide N.

We aim to show that the roots of X2 — a,X + p*~! have absolute value p*~1)/2. The
strategy is to find a variety X over IF, such that these roots are eigenvalues of the
Frobenius acting on Hk1 (X, Q) (then use the Riemann hypothesis).

Modular forms - classical definition

Let H = {z € C : Im(z) > 0}. Let N € Z-p and k € Z. A modular form is a
holomorphism f : H — C such that

e If z € H and
(g 3) € To(N) = { (g g) € SLy(Z) : ¢ = 0 mod N}
then az by )
f(5) = ez + D) f(2), (196)
and

e a particular growth condition is satisfied as z — ico.

How do we motivate this definition?
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Suppose firstly that k = 0. Then equation (196) becomes

az+b
= ) 197
f(S1g) =@ (197)
In other words, f is invariant under z Z;is, so it gives an action of I'o(N) on H. In
particular, f defines a function
H
——— — C. 198
Io(N) (%)

For larger k, roughly speaking we get higher differential forms. The growth condition
allows us to compactify % without losing the function in (198).
Elliptic curves

Let K be a field. An elliptic curve over K is a smooth curve of genus 1 with a chosen K-

rational point@ Any elliptic curve has an abelian group structure, where the chosen
rational point is the identity.

If K = C, there is a geometrization theorem that tells us that every such curve takes
the form
E=—, 199
. (199)
where A is a full Z-lattice in C = R?>. More explicitly, this means that there exist
R-independent w; and w; such that

N = Zwi B Zws. (200)
We see that such vectors describe E as a parallelogram with opposite sides identified,

i.e. a torus. A notion of isomorphism can be defined on elliptic curves over C. Up to
isomorphism, we can take

'=7-1¢Z-. (201)
More generally, there is a bijection
{isomorphism classes of E/C} « Fi(l) (202)
0

Some elliptic curves have nontrivial automorphisms, for instance multiplication by i

in C
E=_———7—+—.
Z-18Z-1
This prevents E from being a moduli space. Here are three ways in which we can
introduce a level structure on E:

1. Fix a cyclic subgroup of order N in E.
2. Fix a point of order N in E.
3. Fix an isomorphism
~ Z \2
a: E[N] > (—) ,
where E[N| = {P € E: NP = 0}.

R[xy]

86For i
For instance, Ty

has no R-rational points.

81



These give a bijection each:

H
isomorphism classes of (E,C)} <
H
isomorphism classes of (E, P)} <
{isomorphism classes of (E,a)} <> %
This corresponds to the hierarchy I'o(N) O I'1/(N) 2 I'(N), where

(
ro(N)={ (4 §) esa@): (¢ §
r(N)={ (2 %) esL(@): (2§

b

*k
1
r(N)={ (2 §)esa@): (2 §)=(§ 9) mod N
At this stage, the reader is encouraged to reflect momentarily on this hierarchy. It
implies that there are fewer isomorphism classes of (E,C) than isomorphisms of
(E,P) or (E,«). Indeed, given an abelian group, there are at least as many elements
of order N as there are cyclic subgroups of order N (since each cyclic subgroup of
order N corresponds to at least one generator).

mod N}, and
j

Note that we are indeed asserting that the group of N-torsion points in E is isomor-
phic to (Z/NZ)?. For elliptic curves over C, the N-torsion points are those of the
form a + bt, where a,b € Z/NZ.

If N > 5, then there are no nontrivial automorphisms of (E,P), (E,C), or (E,a). In
this case, for elliptic curves over C with some extra structure, we get a moduli space

H
To(N)

Given a Z-scheme and a ring R, an R-scheme is induced by the action of Z on R. It
is the pullback / fibred product:

S®zR S

Spec(R) —» Spec(Z).

If S is an elliptic curve S = E: y> = x> +ax+band R = F, = pZZ for some prime
number p, then this is reduction modulo p. We get E, : y*> = x® 4+ ax + b with

a,b € F,F

There is a moduli space Yy (N) of elliptic curves (with extra structure depending on N)

8There is a subtlety here, in that we need to see if the non-singularity condition is preserved. This condition is equivalent
to the cubic in x having no repeated roots. It is easy to construct examples in which it is not preserved, for instance reduce
x® +3x + 3 modulo 3, or take any similar Eisenstein-type example.
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over Z[1/N]. It is a smooth curve over Z[1/N]. Moreover, there is a compactification
Xo(N) such that Yp(N) is a dense open subset of Xo(N). Note that we're using the
Zariski topology pretty much exclusively. The fact that Yy(N) is a moduli space
implies the existence of the universal elliptic curve. This is a covering

€
T
Yo(N)
such that the fibres are elliptic curves. Note that
H
—— = Yp(N)(C) = {o : Spec(C) — Yo(N)}. (203)
Io(N)
Given o corresponding to T € H, we get an elliptic curve
C
s XY@(N) SpeC(C) = m (204)
from the following diagram:
£ Xy,(n) Spec(C) €
T
o
Spec(C) Yo(N).

In fact all elliptic curves arise in this fashion (choose ¢), so we can regard ¢ as the
family of elliptic curves. Consider the sheaf of relative differential 1-forms on 77 : ¢ —
Yo(N), 1
Q. Yo(N)*
This is a line bundle on ¢, i.e. an invertible (locally fre@ sheaf on & with one-
dimensional fibres. Now .
w= H*Qs/Yo(N)

is a line bundle on Yy(N). Extend w to Xo(N):

Xo(N)

Note that w®¥ is a rank k vector bundle over Z[1/N], so its elements are (x,a) in
local coordinates, where x € Xo(N) and & € Z[1/N]¥. With sheaf cohomology,

M(N) = H°(Xo(N), w®) (205)

8Let £ be a sheaf on X. Cover X with affine opens Spec(A). If we can do this in such a way that Lspec(a) is a free A-module
for all A then L is locally free.
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is a Z[1/N]-module. Now
M(N,C) = H°(Xo(N) ®z[1/n C, @) (206)

turns out to be the complex vector space of weight k modular forms of level T'y(N).

An f € My(N) is a rule that assigns to (E,C) a fibre f(E, C),
f(E,C) w™

A\l

(E,C) €Xo(N).
ie. fisa section of w®* — Xp(N), so f : Xo(N) — w®*. In other words, if 7 is a
differential k-form on E, the

(E,C,n) ~ f(E,C,n) € Z[1/N], (207)

such that
f(E,C,An) = A*f(E,C,y), A #0. (208)
The point is that we can evaluate a modular form at an elliptic curve.

Hecke operators

Let p be a prime that does not divide N, and let E[p] be the p-torsion subgroup of E.
Then
~ (2N
Elpl = (5z)

It is easy to see that <pz> has p + 1 subgroups of order p, since there are p?> — 1
elements of order p. Define T, : My(N) — My(N) by

(T, f)(E,P,p)= Y. f(E,P,q"), (209)

C<E|C|=p
where E/ = E/C and P/, N’ come from E — E’lq_jl

These operators commute: if p and [ are prime then T, o T) = Tj o Tp. A modular

form f € M(To(N)) is an anemic Hecke eigenform if it is an eigenvector for all primes
p /N.

g-expansions (Fourier expansions)

Let f € My(N,C). As ((1) %) € To(N),
f(z+1) = f(z), z € H. (210)

This horizontal periodicity gives f a Fourier expansion on any horizontal line in the

8Given x € Xo(N), we get 17, : TX — Z[1/N].
% Any group of prime order is obviously cyclic.
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complex plane, and these all have to agree with f on C Now

f(z) = Z 1,e>7i"z. (211)
nez
The growth condition as z — ico implies that a, = 0 for n < 0. As a function of the
nome q = >,
f(z) =) anq". (212)
n=0

A modular form f is a cuspform (or f is cuspidal) if ag = 0. The cuspforms form a
complex subspace Sx(N,C). One can check that if f is a cuspidal Hecke eigenform
then a; # 0. Consequently, we can normalise f,i.e. multiply it by a constant such that

a1 = 1. Then
In words, the Fourier coefficients are precisely the eigenvalues! In the case of nor-
malised Hecke eigenforms, it can be shown that the 4, are algebraic integers.

Newforms and oldforms

From the definition, if N|M then I'o(N) D T'o(M). We get a covering of Riemann
surfaces over C:

Yo(M) = FOZ{M)
7T
YolN) = FOZ{N).

Moreover, the deck transformation group is the quotient I'g(N) /To(M). In particular,
given p prime and N € Z., there are embeddings

ip : Mi(To(N),C) — Mi(To(Np),C)

and jp : My(To(N), C) < Mi(To(Np),C).

At level N, the direct sum of the images of i, and j,, over all primes p|N, is called
oldspace, and is denoted M]‘;ld (N). Newspace is the orthogonal complement of oldspace
with respect to the Petersson inner product:

Spew @ 8ol — 5, (214)
This is just motivation, and we will come back to this. Intuitively, newforms are the

modular forms that really belong at that level. This notion is particularly useful when
analysing the growth of coefficients as the level grows.

James Withers Thursday 14 June 2012

We recall what we said at the start of last time, about how Deligne used the Weil
conjectures to prove the Ramanujan-Petersson conjecture.

91Any one of them is equal to the function f on a set with a limit point, and C is connected.
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Theorem 85: Let f € Si(I'o(N),C), with k > 2, and suppose that T, f = a, f for primes p
that do not divide N. Then .

lapl <2p 2
for all such p.

We aim to show that the roots of X? — a,X + p*~! have absolute value p*~1)/2. The
strategy is to find a variety X over IF, such that these roots are eigenvalues of the

Frobenius acting on H*~1(X,Q;) (then use the Riemann hypothesis).

Recall theorem

Theorem 86: Let X be a smooth projective variety over IFy, and let p > 0 be the characteris-
tic of Fy. Let X = Xo X, I, (extension of scalars). For each i, the characteristic polynomial

det(t — F*, H (X, Q,)) € Z]t] has coefficients independent of | (here | # p). Moreover, the
conjugates w of a root of this polynomial have absolute value |x| = q'/2.

We specialize g = p, and fix (X, Xp).

For any sheaf F on X, let H'(X, F) denote the image of H.(X, F) — H'(X, F). Note

that , o
Hi(X,Qp) = H'(Y, j1Q)), (215)
where j : X < Y is an open immersion into a compact Pp-scheme@

For each prime number [, let K; be the largest extension of Q that is unramified away
from [ and, for p # I, let F, denote the inverse, in Gal(K;/Q), of the relative Frobenius
@p at p. This is well defined up to inner automorphism.

In the context of the Ramanujan-Petersson conjecture, let
KWy = A (Y(N) @ Q,Sym" (R fn+(Q1)),
where Y(N) is the moduli space corresponding to H /To(N ) We have
E

/N

Y(N)®Q,
where E is the universal elliptic curve Note that Gal(K;/Q) acts on k-2W,.

Let f : X — Y, and let F be a sheaf on X. Then R'f, is the sheaf on Y associated to
the presheat

U= H (fH(U), Flw)):

“These are precisely the eigenvalues of F* acting on H' (X, Q).

%For étale sheaves, this is well defined insofar as it does not depend on the chosen compactification.
%This was denoted Yy(N) in the previous talk.

%This was denoted ¢ in the previous talk.
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If f: X — Spec(A) is quasi-coherent then Rif, (F) ~ H!(X, F).
We aim to show the following theorem:

Theorem 87: The eigenvalues of F acting on ]]‘\]_ZWI are algebraic integers with absolute
value pk%l.

We show this using a series of lemmata.

Lemma 88: Let Xo be a smooth open subscheme of a scheme X over Fp, and let X =
Xo XF, E. Then the eigenvalues of F* acting on Hi(X, Q) are algebraic integers with

absolute value p'/2.

Proof. The map Hi(X,Q;) — H(X,Q;) factors through

Hi(X, Q) —————— H(X,Q))
< ¢ (216)
H'(X*, Q).
The image of ¢ is 7t(Imj*), so the first isomorphism theorem yields
A(X,Q) = (217)

which is a quotient space of the Gal(F,/Fp)-module H(X*,Q)), so the eigenvalues

of F* ~ H(X,Q;) are a subset of the eigenvalues of F* ~ H'(X*,Q;). The result
now follows from theorem 49 O

Lemma 89: Let Sy be a smooth scheme over IF,, and let S = Sy X, E. Let Ag i> So be
an abelian scheme (fibres are abelian varieties) over Sy, where A is an open subscheme of a
smooth projective scheme Aj. Then the eigenvalues of

F* ~ H'(S,Ff.Q)

it+j
are algebraic integers a with || = pz .

The proof uses Leray spectral sequences. Fix rg € Z>(, and consider r > rg. A spectral
sequence is a bigraded object

E, = @i,jEil;,j (218)
with arrows d, : E, — E, such thatd, od, =0,
d.(E/) € 7T (219)
and H(E,) ~ E, 1, i.e.
i ker(d,)
EY . = -y 22
r+1 Im(dr) ( O)

967
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Given p, q, the group Ef A eventually stabilizes, since there are only a finite number
of nonzero arrows, so let E£;7 denote the final group. The spectral sequence converges
to groups H". written

EP1 — HPT, (221)

if there exists a filtration
0O=H' CH!'C...CH]CHl=H" (222)
such that
n— Hn
EN'P ~ Hn (223)
p+1

for all n, p.

Proof of |89, We have Leray spectral sequences
E:EJ = H(S,Rif.Q) = H"(A,Q)

and - , , o
E: B = H{(S,RIf.Q) = H.”(A,Q).
Let m € Z~. Then the endomorphism

Ym:A— A
a v ma
induces maps 1;, such that
E E
Yo Yo (224)
cE E.

The action of ¢, on R/f,Qy is multiplication by m/, so this is also the action on the

(EY and the E//. The arrows d, (for r > 2) commute with ¢, and take E; " to El f
with j’ # j:
gl dy Ei—&—r,j’:j—r—i—l

-/

xm/ xm/ (225)

Eil dy pitri/=i-rt
r r .
This implies that d, = 0 for r > 2, so

z+]
EJ = EY = . (226)
1—|—]
H1+1
As Gal(Q/Q)-modules, H'(S, R/ f,Q)) is therefore a quotient of a subspace of H'*/(A,Q),
so the result follows from O

Let fy : E = Y(N) ® [F, be the universal elliptic curve modulo p, and let
fNjk—2:Ex—2 = Y(N)®TF,
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be the (k — 2)-fold fibre product gotten by iterating

E2 - E XY(N)(X)IFP E E
/]fe fN (227)
E N Y(N) @ F,.

Lemma 90: There exists a smooth projective scheme E;_, that has Ey_, as an open sub-
scheme.

Proof. Get E;_, from Ej_, by resolving its singularities. O
Now we prove theorem
Proof. There are inclusions

Sym (R fi-Qp) — (R'fin-Q)®*2) — RE2f 4 2)-Qy, (228)

where the latter follows from the Kiinneth formula. The result now follows from the
previous two lemmata. [

To be continued. The end is near.

Arun Ram Thursday 21 June 2012

Let’s have a broad discussion of Deligne’s Weil I ([1]).
The main theorem of the paper is theorem (1.6). In section 1, it is shown that theorem
(1.6) follows from lemma (1.7), which is below.

Lemma 91 (1.7): For each i and each prime | # p, the eigenvalues of the endomorphism
F* on H'(X,Qy) are algebraic numbers, all of whose C-conjugates « have absolute value
] = 42

The rest of the paper is spent proving this lemma, so let’s look at the end to see how
it all fits together.

Section 7. End of the proof of (1.7)

Lemma 92 (7.1): Let Xy be a nonsingular, absolutely irreducible projective variety of even
dimension d over F,. Let X over IF, be obtained from Xy by extension of scalars. Then the
eigenvalues of

F* ~ HY(X,Q))

89



are algebraic numbers whose C-conjugates w satisfy
d_1 dy1
9272 < af < g272
Lemma 93 (7.2): Let Xy be an absolutely irreducible projective varitey of dimension d over
IF;. Let X over IF; be obtained from X by extension of scalars. Then the eigenvalues of
F' '~ HY(X,Q)
are algebraic numbers whose C-conjugates a have absolute value

] = g°.

Proof. Let k be an even integer. By the Kiinneth formula, & is an eigenvalue of
F* ~ H™(H,Q)).

By lemma
kd 1 k M+l
g2z 2 <|a"| <g272, (229)
50 d_ 1 d 1
g2 % < [af < q27%, (230)
The sandwich rule now completes the proof (let k — c0). O

In fact lemma (1.7) follows from lemma (7.2); we just need to work out how to get
from the top-level homology to all of the levels below. We’ll talk about that another
time, but (7.1) is very interesting because it looks like Section 3: The fundamental
bound.

Corollary 94 (3.8): The eigenvalues of
F* ~ H}(U, F)

are algebraic numbers, all of whose C-conjugates « satisfy

ol <q'

The context is that U is a nice curve, where the subscript 0 indicates the finite field
version. Chapters 4-6 use Lefschetz theory to jack up the curve result to a higher-
dimensional one.

Let’s briefly recall some key aspects of Section 3. The above is a corollary of theorem
(3.2), which concludes that Fj is of weight B.

3.1

Let B € Q. We say that Fy is weight  if for all x € |Ujp| the eigenvalues of
Fx Y .Fo

are algebraic numbers, all of whose C-conjugates « satisfy
2] = g2,

Theorem 95 (3.2): Make the following assumptions:
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(i) F has a nondegenerate alternating bilinear form
Fo® Fo — Qi(—p).
(ii) The image of 7r1(U, u) in GL(F,,) is an open subgroup of the symplectic group Sp(Fuy, Pu).
(iii) For all x € |Uy|, the polynomial det(1 — Fyt, Fo) has coefficients in Q.

Then Fo has weight B.

Here open implies Zariski-dense, so it’s worth reflecting on the close relationship
between the geometric fundamental group and the symplectic group. Also, recall
that Q;(—p) is isomorphic to Q; in some canonical way, so the bilinear form really
does go to the underlying field. Finally, remember that the third condition — that a
determinant (which is a formal power series) has rational coefficients — is crucial in
order to assert that the eigenvalues are algebraic numbers. This gives meaning to the
very notion of C-conjugates, as the roots in C of the minimal polynomial.

We also state corollary 3.9, as Deligne seems to think that it's important.

Corollary 96 (3.9): Let jo be the inclusion of Uy into IP]qu and j the inclusion of U into PL.

Then the eigenvalues of
F* ~ HY(P,j,.F)
are algebraic numbers whose conjugates . satisfy

B+1 1 @+

g7 1< o] <q7 "2

The only theorem in chapter 6 is below, so it must be important!
Theorem 97 (6.2): For every x € |Uy|, the polynomial

S
det(l —Frt, 20 L)
€0 M ey

has coefficients in Q.

Corollary 98 (6.3): Let jo be the inclusion of Uy into Dg and j the inclusion of U into D.
Then the eigenvalues of

* 1 j*S
F*~H'Y(D, L)
are algebraic numbers, all of whose C-conjugates « satisfy

n+l1 1 n+l 1
g7 2<|a < qT+§_

Let’s go back and try to get a feel for what made chapter 3 ‘work’. The following
two lemmata address the rationality of the coefficients of the determinant, which is a
formal power series.

Lemma 99 (3.3): ...

d o deg(x) T®2k -1
talog (det(l F.t o )

is a formal power series with coefficients in Q.
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Lemma 100 (3.4): The local factors
-1
det(1— Fitesl®), Fi2)

are formal power series with coefficients in Q.

The characteristic polynomial of the Frobenius acting on cohomology is getten by
multiplying and dividing these, so Deligne talks us through some of the elementary
real and complex analysis that we need to bound the poles of a products of such
power series.

Lemma 101 (3.5): Fori € Zo, let f; = Y, a;,t" be a formal power series with constant
term 1 and with coefficients in R>(. Assume that the order (i.e. the power of the first nonzero
coefficient) of f; — 1 goes to infinity as i — oo, and put

f=11fi=hrfs-.

Then the radius of absolute convergence of f; is at least equal to that of f.

In other words, if any f; diverges then the product f diverges. Let’s see how this
translates when we put on our complex glasses.

Lemma 102 (3.6): Under the hypotheses of (3.5), if f and f; are the Taylor series of mero-
morphic functions, then

inf{|z| : f(2) = o} < inf{Jz] : fi(z) = oo}.

These numbers are in fact the radii of absolute convergence.

You could take this as a definition, but there is some content in this statement if you
have some other preconceived notion of ‘radius of absolute convergence’.

Interestingly, the following subsection appears late in section 6.

(6.10) Preliminaries

Let u € U, and let F, be the fibre of 7 at u. The arithmetic fundamental group
711 (Up, u), which is the extension of Z = Gal(FF,/F,) (generator ¢) by the geometric
fundamental group 71(U, u), acts on F;, by symplectic similitudes:

p:m(Up,u) = CSp(Fu, ) = {g € GL(Fu, ¢) : ¢(gx,8y) = ap(x,y) for some a € Q_l}

(231)
The extension is the exact sequence

1— m(Uu) 2 m (U u) 3 Z — 1, (232)
where p is the projection
p:U:UOX]FqIFq—>U0
and s is the structural morphism
s : Up — SpeclF,.

3.7
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The hypothesis (ii) guarantees that the coinvariants of 7r; (U, u) in F£2F are the coin-

variants of the symplectic group in F%f (711 is open and therefore Zariski dense in
Sp).

This reinforces the understanding that 711 (U, u) is pretty much all of the symplectic
group. We see it again in chapter 5:

5.9 ... The monodromy representation thus induces
E
(U, u) = Sp(—=+,¢).
Theorem 103 (5.10, Kazhdan-Margulis): The image of p is open.

Arun Ram Thursday 28 June 2012

5.9

The subspace E N E+ of E is the kernel of the restriction to E of the intersection form
Tr(x Uy). This form then induces a nondegenerate bilinear form

E E
: — Q(—n),
Y EnEr ®EnEr A
alternating for n odd and symmetric for n even This form is respected by the
monodromy; for n odd, the induced monodromy representation is thus

p:m(U,u)— Sp(m%,tp)

Theorem 104 (5.10, Kazhdan-Margulis): The image of p is open.

So 711 (U, u) is essentially the symmetric group. This theorem follows from the lemma
below.

Lemma 105 (5.11): Let V be a finite-dimensional vector space over a field k of characteristic
0, ¢ a nondegenerate alternating bilinear form, and L a Lie subalgebra of sp(V, ). Assume
that:

1. V is a simple L-representation (L-module).

2. L is generated by a family of endomorphisms of V of the form
x — P(X,9)0.

Then L = sp(V, ).

Point: take the log and reduce to the Lie algebra (exponentiation goes from the Lie
algebra to the Lie group). Monodromy is a matrix, so it has a logarithm as long as it

97For a comprehensive discussion of bilinear forms, see Bourbaki, Algebra, chapter 9.
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is invertible
5.8

In the rest of this discussion, we study a Lefschetz pencil of hyperplane sections of
X, excluding the case p = 2,n even. The case where n is odd will suffice for the
following. Put U = D — S. Let u € U, and I prime (I # p). The local results of section
4 show that R"f,.Q; is tamely ramified at each s € S. The tame fundamental group
of U is a quotient of the profinite completion of the analagous transcendental funda-
mental group (obtained in characteristic 0 by tame covers, and the existence theorem
of Riemann). The algebraic situation is completely parallel to the transcendental sit-
uation, and the results orresponding to Lefschetz results are obtained by standard
arguments. In the proof of (5.4) the Lefschetz theorem on 711 becomes the theorem
of Bertini, and one must invoke Abhyankar’s lemma to control the ramification of

R*g.Q along the smooth region of X of codimension 1. The results are as follows.

(a) Case: the vanishing cycles are nonzero.

1. For i # n, the sheaf R f+Qj on D is constant.
2. Let j be the inclusion of U in D,
j:U <= D.

R f.Qp = jsj" R Q-
In other words, pulling back and pushing forward via j has no effect on the
sheaf we’re interested in.

3. Let E C H"(X,, Q) be the subspace generated by the vanishing cycles. This
subspace is stable under 771 (U, u), and

gL — gn (Xu; Ql)nl(u,u).
The representation of 711 (U, u) is absolutely irreducibleﬁ and the image of
in GL (s

We have

) is generated (topologically) by the
x — x =+ (x,05)0, s € S.
The sign =+ is determined as in (4.1).
The point is that the hypotheses of lemma (5.11) are satisfied.

(b) Case: the vanishing cycles are 0. (This is an exceptional case. Since (J,0) = +£2 for
n even, we cannot be in this case unless n = 2m 4 1. We note that if a vanishing
cycle is zero then they all are, since they are conjugates.)

1. For i # n + 1, the sheaf R £+Qy is constant.
2. We have an exact sequence
0 — @sesQy(m —n)s — R"™£,Q, — F — 0, (233)

with F constant.
3. E=0.

Theorem 106 (5.4): The vanishing cycles 65 (taken up to sign) are conjugate under the
action of t1 (U, u).

98Cer’tainly over C, any invertible matrix has a logarithm, though it isn’t necessarily unique.
PTrreducible even over an algebraic closure.
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Corollary 107 (5.5): The action of 71 on ﬁ is absolutely irreducible.

We have a lot of the ingredients now. The key step is to go from the symplectic group
to the Frobenius eigenvalues: what is the relationship?

Richard Hughes Thursday 5 July 2012

6. A rationality theorem

6.1

Let IPy be a projective space of dimension > 1 over F, let Xy C Py be a nonsingular
projective variety, let Ag C Py be a linear subspace of codimension two, let Dy C Py

be its right dual, and let I, X, A, D over E be gotten from Py, Xy, Ag, Dy by extension
of scalars. The theory of Lefschetz pencils gives a diagram

f (234)

where Xj is obtained from X by resolving a finite number of singularities.

We assume that X is connected and of even dimension n +1 = 2m + 2, and that the

pencil (X¢)tep of hyperplane sections of X defined by X is Lefschetz. The finite set
S = {t € D: X; is singular}

is defined over IFy, i.e. derived from some Sy C Dy. Put Uy = Dy — Spand U = D — S.

Let u € U. The vanishing part of the cohomology, E C H"(X,,Q), is stable under
1 (U, u), so it defines on U a local subsystem £ of R"f,Q;. The latter is defined on
IF;, being the inverse image of the Q;-sheaf R" fp,Q; on Dy. On U, the local system &
is the inverse image of the local subsystem

& C R" f O*Ql-
The cup product is an alternating form
¥ R"f0.Q1 @ R" f0.Q; — Qi (—n).
Writing £;- as the orthogonal complement of & relative to ¥, on R" f5.Q;|y, we see
that 1 induces a perfect pairing
v o o

: SO (—n). 235
gomf:&@gmg& Q=) (235)

6.3

This is a crucial result in the context of the paper.
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Corollary 108 (6.3): Let jo be the inclusion of Uy in Dy, and j that of U in D. Then the
eigenvalues of
&
* 1 .
F*~ H'(Dju g~ et
are algebraic numbers, all of whose C-conjugates w satisfy

g7 1< |af < "7 (236)

Proof. (5.10) and (6.2) ensure that the hypotheses of (3.2) are satisfied. We then apply
(3.9).

We have seen all of these ingredients aside from (6.2).

6.2
Theorem 109 (6.2): For al x € |Uy|, the polynomial

det(1 . F;t,&)i—og&>

has rational coefficients.

For the rest of today, we focus on proving (6.2).

6.4

An [-adic unit is a unit in Z;.

Lemma 110 (6.4): Let Gy be a twisted constant Q;-sheaf on Uy such that the inverse image
sheaf G on U is a constant sheaf. Then there exist l-adic units w; such that if x € |Up| then

det(1 — Fit,Go) = [ J(1 — a*8™s).

i
We can apply this lemma to:

° Rifo*Ql, for i 7& n,

R" f0.Qy
&

° Soﬂgd‘.

° , and

We begin the proof of (6.2).

From (96), for x € |Up| with Xy = f; (),

1+1

Z(Xy, t) Hdet (1—FE't, R fo,, Q) V™. (237)

As R" fo.Q ¢
R"f,Q; & — 7%=l 0 EoNED), 238
foQ; g @50055@(0 o) (238)
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we see that Z(Xy, t) is the product of

n ) ;
7/ = det(l — Fit, R J;O*Ql> ~det(1 — Fit, &N &) - [ det(1 — Fit, R o, Q) D™
0 i#n
and p
m __ I 0
z —det<1 Fxt,—gomg&).

Recall that the notation is shorthand: we actually mean at the stalks. The point is that
we’re working with bona fide vector spaces, so determinants and direct sums make
sense. Applying the lemma to the terms in Z/, we find that there exist I-adic units
a;,Bj (for 1 <i < Nand 1 <j < M) such that if x € |Up| then
deg(x)
Z(Xy t) = [ “l’d 2 -det(1 — Fit, Fy), (239)
I;(1 - pi¥n)

where Fy =

5005&‘ )
6.5

It suffices to prove that the polynomials [T;(1 — a;t) and JT;(1 — B;t) have coefficients
in Q. We derive this from (6.6), (6.7), and (6.8).

6.9[Proving (6.5) and so (6.2) modulo (6.6)]

To show: [T;(1 — &;t) and [;(1 — B;t) have rational coefficients, i.e. {«;} and {B;} are
defined over Q.

Lemma (6.6) gives us an intrinsic characterization of the §; in terms of the coefficients
of Z(Xy,t) € Q(t), from which it follows that {8;} is defined over Q. Proposition
(6.8) now tells us that [T;(1 — B;t) divides [T;(1 — a;t), so {a;} is defined over Q@

It remains to prove (6.6)...and (6.8) I suppose, but maybe Dougal or someone will do
that.
6.6
Proposition 111 (6.6): Let (y;) (for 1 < i < P)and (5;) (for 1 < j < Q be two families
of l-adic units. Assume that y; # 6; for all i,j. If K is a ‘large enough’ finite set of integers
# 1and L is a ‘large enough’ subset of |Uy| then, if x € |Uy| — L satisfies k| deg(x) for all
k € K, then the denominator of

det(1 — Fit, Fo) IT,(1 — 7751

[T;(1 - 5feg(x)t)

written in simplest form is ]_[]-(1 — 5;?19%(96)0.

100The paragraph after ((96) seems to imply that Z(Xy, t) € Z[[t]], but that doesn’t seem to be the case here. What's up with
that? Also, divides means in Q[t] or what?
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6.13

of (6.6). For each choice of i and j, the set

{neZ|r=25'} (240)
is an ideal n;Z, and by hypothesis n;; # 1. Let K = {n;;}, and let L be the set
of x € |Up| such that a §?eg(x) is an eigenvalue of F; ~ Fy. By lemma (6.12) and
Cebotarev’s theorem, L has density 0. O

It remains to prove (6.8), as well as to go through (6.10) to (6.12).

Dougal Davis Thursday 12 July 2012

We were going over the proof of this theorem.

Theorem 112 (6.2): For x € |Uy|, the polynomial det(1 — F;t, Fo) has rational coefficients.

We established that there exist a;, B; € Q; — {0} such that a; # p; for all i,j and

deg(x
Z(Xx/ t) = Hi(l — “ii ! )t) deg(l — P;t, .7'_())
I[;(1-B; )
for all x € |Up|. Since Z(X,, t) has rational coefficients, it suffices to show that [];(1 —
lx?eg(x)t) and JT;(1— ,B;ieg(x)t) have rational coefficients for all x € |Up|. In fact, it
suffices to prove that [];(1 — a;t) and [];(1 — B;t) have rational coefficients.

We also have, from (6.6), that there exists a finite set K of integers # 1 and a set
L C |Up| of density 0 such that: if x € |Uy| — L and k [deg(x) for k € K, then the
denominator of (in simplest form) Z (X, t) is

deg(x
j
This implies that [T;(1 — ,B?eg(x)t) € Q[t] for ‘most’ valkues of deg(x).

To establish the [T;(1 — B;t) € Q[t], let f; € Q[t] be the minimal polynomial of B; over
Q, and let E O Q be the splitting field of [, f;. Then, for all ¢ € Gal(E/Q),

[T —g(B)2s@t) = (TT(1 — pBW1) = [T(1 - pi=p),

j j j
since [;(1 - ‘B}ieg(x)t) € QJt]. Thus, the family (ﬁjc.leg(x)) coincides with the family

(g( ,B]-)deg(x)) in some order. The idea from here is that if this holds for enough values
of deg(x) then we can conclude that

(B) = (8(B)) (241)
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up to reordering. Then

gTIa-gt) =T10-8;t)

] ]

[10-gt) €Qlt].

]

for all g € Gal(E/Q), so

Thus,
[T — a8y det(1 — Fit, Fo) € Q[1]. (242)
i
Proposition 113 (6.8): Let
(vih<icp  and  (Oi<j<Q
be two families of nonzero elements of Q;. Let

R(t) =[JA—mt) and  S(t) =]](1—dt).
i j
Assume that if x € |Uy| then
[T -6 divides  TT(1—7"€Vt)det(1 — Ft, Fy).
i i

Then S(t) divides R(t).

Proof. Delete pairs of common elements between (7;) and (J;) until none are left.
Then, by (6.6), there exists x € |Up| such that the denominator of

det(1 — Fit, Fo) T (1 — 08 h)
[T;(1 - 5feg(x)t)

p(t)

1— 5feg(X)t
of the (5]- can remain. O

in simplest form is [T;( ). But p(t) is a polynomial by hypothesis, so none

Setting y; = w;, this tells us that

R(t) =] —ait)

1
= lem{S(t) : the conditions hold },
since S(t) = R(t) satisfies the conditions. As
[T — a8 ) det(1 — Fit, Fo) € Q[H],
i
it follows that R(t) also has rational coefficients. Thus,
det(1 — Fit, Fo) € Q[t]
for all x € |Up].

Section 7: end of the proof of (1.7)

Lemma 114 (7.1): Let Xo be a nonsingular absolutely irreducible projective variety of even
dimension d over F,. Let X be obtained by extension of scalars to F,, and let a be an

99



eigenvalue of
F* ~ HY(X,Q)).
Then « is an algebraic number, all of whose conjugates in C, also denoted w, satisfy

7: 72 < || < gt (243)

Proof. We proceed by induction on d (always even). The case d = 0 is trivial even
without assuming that Xy is absolutely irreducible, so we assume henceforth that
d>2 Letd=n+4+1=2m+2. If Fyr is a degree r extension of IF, and Xé/]qu is
obtained from X/IF; by extension of scalars, then the assertion (7.1) for X/, is
equivalent to (7.1) for X{;/F; (replace g by 4" and « by a").

By (5.7), with a convenient projective embedding i : X — IP, we know that X admits a
Lefschetz pencile of hyperplane sections. The preceding remark allows us to assume
that this pencil is defined over IF;. We may suppose therefore, that there exists a
Lefschetz pencil defined by

e a projective embedding Xy — Py over IF; and

e a codimension-2 subspace Ag of Py.

Recall the notation of (6.1) and (6.3):

e Dy C PP is the projective line dual to Ay.
e A=AI® E, D =Dy® ]F_q (tensors are over IFy).

e Sisthe set of t € D such that X; is singular, and Sy is the corresponding set over
Fq-

o Up=Dgy—So,U=D-S.

L]

700 > 7T o

X X X X
fo f
Dy, D,

X is the blowup of Xy along Xy N Ap.

e Inclusions jo: Uy = Dpand j: U — D.

By a new extension of scalars, we may assume the following.

(a) The points of S are defined over IF,.
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(b) The vanishing cycles in X; (for s € S) are defined over IF,.

(c) There exists a rational point (i.e. an IF,; point) uy € Up. We take a corresponding
point u € U as a base point.
(d) Xuy = fo (1) admits a smooth hyperplane section Yo defined over F;. We set
Y =Yy ®F p IFq.

As X is obtained from X by blowup of the smooth subvariety (of codimension 2)
AN X, we have ' '

HZ(X/QI) — HZ(X/QI)' (244)
It suffices, therefore, to prove for the eigenvalues of

F* ~ HY(X,Q)).

The Leray spectral sequence for f is
E}’ = HP(D,R1£.Q)) = H'*1(X,Q)), (245)

so it suffices to prove (243) for the eigenvalues of F* ~ E}? for p +q = d. Deligne
remarks that the vanishing cycles are either all zero or all nonzero.

(A) E3" L.
By (5.8), R"~!£.Q; is constant. Recall (2.10):

Let X be a smooth connected curve over an algebraically closed field k,
let x € |X|, and let F be a cosntant Q;-sheaf. Then

HE (X, F) = (F2) (=)
Applying this with D in place of X and F = R"~!£,Q gives
B = H(D,R"£.Q))
- (Rn_lf*QZ)u(_l)

= H" (X4, Q) (—1).
By the weak Lefschetz theorem, we have

H" (X, Q1) (1) = H' (Y, Qi)(-1), (246)
and we apply the inductive hypothesis to Yy, sincen —1 =d — 2.
(B) Ey"*1.
If the vanishing cycles are nonzero then R"*1£,Q; is constant and
Ey" = H" (Xu, Q).
Using Poincaré duality and (246), we get

H™ (Y, Q)(=1) - H"" (X, Qi),
and we apply the inductive hypothesis to Yj.

If the vanishing cycles are zero, then the exact sequence in (5.8) gives an exact
sequence

Dses Qi(m —n)s — Ey"1 — H'(X,,Q)). (247)
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As m —n = —d/2, the eigenvalues of F* acting on Q;(m — n) are g%/2, so (7.1.1)
holds (on H"*1) by the above exact sequence, so (7.1.1) holds on Eg’”+1>

(C) Ey" = H'(D,R"f,Q;). Recall that D = PP".

If the vanishing cycles are zero, then R" f.Q is constant (by (5.8)b) and E%’” = 0.
We will therefore assume that the vanishing cycles are nonzero. By (5.8),

R £.Q; = j.j"R" £.Qy.
Filter this by the subsheaves j.£ and j.(£ N EL).

If the vanishing cycles are not in £ N €+, we have exact sequences

0 — j«€ — R"f,Q; — constant sheaf — 0 (248)
and
0= i (ENEL —>]'*5—>]'*(L>. (249)
ENEL
Note that j. (£ N EL) is constant, as there are no vanishing cycles in £ N E+.
The long exact sequences of cohomology give
H'(D, j:€) = H'(D,R"£.Q;) = 0 (250)
and
0 — HY(D, j.E) — H! (D,j*i), (251)
ENEL
and we apply (6.3).
If, God forbid, some of the ds are in £ N EL, then £ C €1, and exact sequences
0= j.t = R'f,.Q — F =0 (252)
(where j.£1 is constant and F is some sheaf) and
0= F = jusj"F — @sesQi(n—m)s — 0 (253)
(where j,j* F is constant). The long exact sequences of cohomology give
0 — HY(D,R"f.Q;) — H(D, F) (254)
and
Bses Qu(n —m)s — H'(D, F) =0, (255)
and we remark that F* acts on Q;(n — m) by multiplication by 4%/2.
Dougal Davis Thursday 19 July 2012

Lemma 115 (7.2): Let Xo be a nonsingular, absolutely irreducible projective variety of di-
mension d over IFy. Let X = Xo ®p, Fq and a an eigenvalue of

F* ~ HY(X,Q)).
Then w is an algebraic number, all of whose conjugates in C (also denoted w) satisfy
o] = g2,

102



Proof. For all k € Z, a* is an eigenvalue of
F* ~ H (XX, Q)),
by the Kiinneth formula. For k even, Xk satisfies the conditions of (7.1), so
kd 1 k M+l
g2 2§|0¢|§6]2 2,
SO

Letting k — oo gives (7.2). O

Proof of (1.7). For X projective and nonsingular over [F;, and i € Z~(, we need to
prove the statement W (X, 1):

Let X = Xo ®F, ]F_q. If a is an eigenvalue of F* ~ H'(X,Q), then & is

algebraic, and all of its conjugates a € C satisfy |«| = g'/2.

Note the following.

(a) If IF;n is a degree n extension of IF; and Xj; = X ®F, Fgn, then W (Xo, i) is equiva-
lent to W(XJ, ).

(b) If Xy is purely of dimension 1, then W(Xy, i) is equivalent to W(Xy,2n — i), by
Poincaré duality.

(c) If X is a disjoint union of varieties X{j, then W(Xj, i) is equivalent to the conjunc-
tion of W(X§,1).

(d) If Xy is purely of dimension 7, Yy a smooth hyperplane section of Xy, and i < n,

then
W(Y(), l) — W(X(), l)

This follows from the weak Lefschetz theorem.

To prove the assertions W(Xo, i), we refine them successively. By (c), we may suppose
that Xy is purely of dimension n. By (a), and (d), we may suppose that i = n. For if
i < n, we can extend scalars until Xj has a smooth hyperplane section Y, of dimension
n — 1. By (d),
W(Yo, l) - W(Xo, l)
We repeat this until we get a Y of dimension i. Then
WYy, i) = ... = W(Yy,i) = W(Xo,i). (256)
By (a) and (c), we may assume that X is absolutely irreducible. Now apply (7.2). O

James Withers Thursday 19 July 2012

We were proving the Ramanujan-Petersson conjecture.
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Theorem 116: Let f € Sy = Sk(To(N)) be a normalised cuspidal newform, p fN. Then
k=1
ap(H)l <2p 7.

To show: the roots of X*> — a,X + p*~! have absolute value pr
k-1

To show: the roots of det(X? — T, X + p*~1, S;) have absolute value p = .

We proved the following.

Theorem 117: The eigenvalues of
F f\v];\,_z Wi
have absolute value pk%l

Recall that ) o
oW = B (Y(N) £ Q Symt (R . (@)

Proposition 118: Some of these could be definitions.

(a) T,=F+V.
(b) F = go;l ~K W
(c) V is the transpose of F relative to the Petersson inner product.

(d) FV = p*1.

Note that
1-T,X +p1x2 = (1 - FX)(1 - VX).

AsF=VT,

det(1 — FXX2W)) = det(1 - VXS 72 W)).
The action T, m’f‘z W; is induced by T, m’{_z W, and is compatible with the Eichler-
Shimura isomorphism

wecx=sias,

where Sy = {f : f € Si}, since T, is a Hermitian operator for the Petersson inner
product. Now

det(l — TPX + pkille Sk)2 = det(]_ _ TPX + pkfllellcfz WZ)

= det(1 — FX,f 2 W))det(1 — VX 2 W),
SO
det(1 — FXX2W)) = det(1 — T,X + p" 1 X2, S).
The final equality follows by subsittuting X = 0, since formal equality of polynomials
dictates that LHS = RHS or LHS = —RHS.

Let a be a root of det(X? — T,X + p*~1,S;). Then 1/a is a root of
det(1— T,X + p*1X2,5;) = det(1 — FX,f 72 W),
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so « is an eigenvalue of

which is a Gg-submodule of ]]‘\szl. Now theorem completes the proof.

Yi Huang Thursday 26 July 2012

"It was my lot to plant the harpoon of algebraic topology into the body of
the whale of algebraic geometry."

Lefschetz

Weil 11, section 6: Lefschetz pencils

Theorem 119 (4.1.1): Let X be a smooth projective variety over k, pure of dimension n. Let
L be an invertible and ample sheaf over X (ample line bundle over X), and let 1 = ¢1(L) €

H?(X) be the first Chern class. Then, for i > 0, the cup product by '
n'U: H"{(X,Q) — H"(X, Q)
is an isomorphism.

We prove this by induction on n. The case n = 0 is trivial. The inductive hypothesis
is equivalent to the following.

Lemma 120 (4.1.2): The intersection form (trace) H"~1(Y) is nondegenerate over the image

H (X)) 5 H(Y).

We note that ¢; (L®™) = m - ¢1(L). The point is to prove (4.1.1) using L®™ for some
large m, instead of L. An ample line bundle is a line bundle £ such that there exists
m € Z~o such that L% is very ample. The point is that we may assume that £ is
very ample, i.e. there is a very nice embedding

X — PN
for some N € Z~. Let Y be a smooth hyperplane section of X with respect to this
embedding.

Fori =0, (4.1.1) is trivial.

Fori >1, '
i
: U
Y Hl’l*l(X) Ui HnJrl(X)
n
L r* PD (257)
. iil .
X Hn—Z(Y) oy H(n—l)+(1—1)<y)/
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where H*(Y B H*t2(X) comes from applying Poincaré duality to
pplymng y

HZn—Z—* (Y) l—*> HZn—Z—* (X)
For i > 2, the vertical arrows are isomorphisms (by the weak Lefschetz theorem), and
the induction hypothesis ensures that the bottom arrow is an isomorphism.

Thus, we may assume that i = 1. The weak Lefschetz theorem gives
o HHX) — H'H(Y)

and
PD: H'(Y) - H"™(X).

For these to compose to get a bijection H" 1(X) — H"*1(X), it is necessary and
sufficient to show that the inductive hypothesis implies (4.1.2). So let’s see why this
is the case.
Let Y = Y}, be a hyperplane section, for some ¢, € ]le Let
S = {t € P! : Y; is singular}.
Then the Hi(Yt), for t € P! — S, are the stalks of a smooth Q;-sheaf over P! — S:
X X - Ute]Pl—SYt

(258)

P! P! —s.

The image of
o HY(X) < HH(Y)
is the subspace of H"~1(Y) of invariants of the monodromy action. In other words,
l* (Hn—l (X)) — gn-1 (Y)nl(]Pl—S,to) )
See SGA?7 for the proof.
Thus,

anl(X) i Hn71<Y)7'c C anl(y)

(259)

Hn+1 (X),
so it suffices to show that H"~}(Y)™ — H"*1(X) is an isomorphism.

Fact: H"1(Y) is a semisimple 71 (P! — S, ty)-module.

We will apply the following.

10Why can we do this?
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Lemma 121 (4.1.4): Let 7t be a group algebra, and let V be a semisimple rt-module equipped
with a nondegenerate bilinear form ® that’s invariant under 7t. Then the restriction of ® to
V7 is nondegenerate.

Proof. By semisimplicity, V = V" & W, where W does not contain any trivial repre-
sentation. The subspace W is ®-orthogonal to V7, i.e.

D = (Plyr) & (P|w), (260)
so ®|yx is nondegenerate. O

From (259), it therefore suffices to show that ker(H"~1(Y) — H"t1(X)) = W. This
map decomposes as

Hy 1 (Y) ~2 g1y

Ly (261)

Let y € H"1(Y). Then
PDoui,oPD(y) =0
< 1, 0PD(Y) =0
& (1,0 PD(y))(x) =0  forallx € H" }(X)
)=0  forall x € H" }(X)
)=0 forallz e H" 1(Y)1(P-9)
as Tr(+U-) = Tr(-U)[, (1) (P1-5) is nondegenerate. This shows that W is indeed
the kernel, completing the proof of (4.1.1).

Dougal Davis Thursday 2 August 2012

To prove the hard Lefschetz theorem, we needed:

“By (3.4.3), H""1(Y) is a semi-simple representation of 7r; (P! — S, to).”

Corollary 122 (3.4.13): Let S be a normal connected scheme over an algebraically closed
field K, and f : X — S a smooth proper morphism. Then the sheaves R’ f.Q are semi-simple.

Specialising f : U — P! — Sand Y = f~!(t) gives that H*"}(Y) = (R""1£,.Q))y, is
semi-simple.

(3.4.13) is a corollary of
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Theorem 123 (3.4.1): Let Fy be an i-mixed sheaf on a scheme of finite type over IF;. Then

(i)
(ii)
(iii) Assume that Fy is smooth and pointwise 1-pure. Assume that X is normal. Then the
sheaf F on X is semisimple.

Notation and terminology

F=TF::Q 5 C A Q;-sheaf Fy on Xy is pointwise t-pure of weight n if for all
xo € |Xo| the eigenvalues « of Fy, ~ Fy satisfy

juae] = N (x0)"'2,

where N(xy) = gd¢8(*0) . A sheaf Fy is i-mixed if it is the iterated extension of pointwise
1-pure sheaves. Then weights of these are the weights of (. A sheaf F is smooth if it
is twisted constant. A scheme Xj is normal if every stalk of Oy, is an integrally closed
integral domain. We aim to prove (3.4.1)

We need

Lemma 124 (3.4.3): Assume that Xy is smooth. Let Fy and Gy be smooth sheaves on X,
pointwise i-pure of weights B and y respectively. If there exists a geometrically nontrivial
extension &y of Fo by Go then B — v € Z~y.

The extension
0—=>Gy—& — Fo—0

is geometrically trivial if
0=-Gg—=>&—=F—=0
is a trivial extension (i.e. £ = F & G).

Proof of (3.4.1)(iii). If Uy C Xp is open and  is a geometric point of Uy, then

71 (Uo, ) — 1(Xo, ). (262)
Replacing X by Uy allows us to assume that Xy is smooth. Let F’ be the largest
semisimple subsheaf of F. By transport of structures, F” is stable under the Frobenius
(i.e. F.F! = cF') and therefore provides us with a subsheaf F of Fy. Let

Fo
.F(S/: f(/)

By (3.4.3), since Fj and F{ are i-pure of the same weight, the extension F\ of F| by
F| is geometrically trivial, i.e. Fy = F} @ Fj. Now

Fo=FaF
If 7/ # 0 then we can find a larger semisimple subsheaf that 7']/*7| contradiction. So
F"=0and F = F' is semisimple. O

102 7" contains a simple submodule W. Take 7/ & W.
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To prove (3.4.3), we need
Lemma 125 (3.4.2): If Fy and Gy are smooth sheaves on X, we have an exact sequence

0 — HY(X,Hom(F,G)) & Ext!(Fp, Go) — H'(X,Hom(F,G))F,

where
Hom(F,G)(U) = Hom(F|y, Glu)-

Here Ext!(Fy, Go) is the group of extension classes, and the morphism on the right is
the inverse image on X:

Ext!(Fo, Go) — Ext'(F,G) = H'(X,Hom(F,G)).
The image of this is an invariant part of H'.

Proof. If an extension & of Fy by Gy is geometrically trivial, it admits a splittin
p: F =& (€ = FoplusgG).

The other splittings are of the form ¢ — f with f € Hom(F, G). The extension on Xj
is trivial if and only if ¢ — f can be chosen invariant under F, i.e.

Fp — ¢ € Hom(F,G)
is of the form Ff — f, i.e. has zero image in Hom(F, G).

Dougal Davis Wednesday 8 August 2012

Nobody prepared anything, so let’s have a chat about the overall strategy for Weill.

We start with the fundamental bound

g7 i< |al<gTt

where S is a weight. For d even, we can put f = d — 1, to give

1
2
’

7i 7% < |a <272

We may replace X with X¥ for k even, so

B
N
Nl
N
=
ey
IA
=
NI
_|_
N—

d_1 dy1
g2 % < |a| < g2t
and k — oo gives
d
] = q2.
So how did we go from curves to higher dimension?
We assumed X had even dimension d, and stepped down inductively 2 at a time.

We could assume that X was very nice, so X — P". We took a Lefschetz pencil
(Xt);ep1, and let Y be a hyperplane section (so codimension 2) of X;,. We used the
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Leray spectral sequence
) B — H'MI(X,Q),
where X is the blowup of X along a codimension 2 subspace.

Trithang Tran Wednesday 8 August 2012

We started with another quick summary of Weil L. In particular, with the part about
Lefschetz pencils, we used the fact that X C IP", since X is very nice. We let A C X
be a codimension 2 subspace of P". Somehow we mapped every point in X — A to
a hyperplane containing A. We let X be the blowup of X along A. Now every point
in X maps to a hyperplane containing A. These are parametrized by P!, so we get
f: X — PPL. We then hit f with a Leray SS.

This seems to be the point of Weil II:

Theorem 126 (3.3.1): Let f : X — Y be a morphism of schemes of finite type over Z, and
let F be a sheaf on X. If F is mixed of weight < n then for each i, R' fiF is mixed of weight

<n+1.

We need some definitions to understand this.
1.2

(1.2.1) Weights.

Let g be a prime power and n € Z. A number is pure of weight n rel q if it is algebraic
and all of its C-conjugates have absolute value "/2.

(1.2.2)

Let X be a scheme of finite type over Z.

1. F is pointwise pure if there exists n € Z (the weight of F) such that if x € | X| then
the eigenvalues of Fy are pure of weight N(x) (the size of the residue field).

2. F is mixed if it admits a finite filtration of successive quotients of pointwise pure
sheaves. More precisely,

0=FOcCcrWc. .. .cr=rF (263)
and the quotient sheaves are pure. The weight of a mixed sheaf F is the collection
of nonzero weights of the quotient sheaves for such a filtration.

Dougal Davis Wednesday 22 August 2012

Theorem 127 (3.3.1): Let f : X — Y be a morphism of schemes of finite fype over Z, and
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let F be a sheaf on X. If F is mixed of weights < n then, for each i, R' f; F is mixed of weight
<n-+i.

We start by restating some definitions.

(i) A (constructible Q;-) sheaf F on X is pointwise pure of weight n if, for all x € |X]|,
the eigenvalues of F, ~ Fy are pure of weight n rel. N(x), i.e. for X/IF,, the
eigenvalues of Fy are algebraic, all of whose C-conjugates « satisfy

ndeg(x)
ol =q 2

(ii) F is mixed if it admits a finite filtration where the successive quotients are point-
wise pure. The (nonzero) weights of these are the weights of F.

Let's do some examples of constructible Q;-sheaves on the one-point space X =
Spec(IF;). There is an equivalence of categories between these and the category of
Q-vector spaces with an action of F (where F acts by an automorphism whose eigen-
values are [-adic units). As F generates (topologically) the étale fundamental group
n(X), there is also a category equivalence to continuous 7r;-representations. The
intuition comes from representations of the fundamental group of a manifold. Given

p:m(M)— GL(V),
there’s a vector bundle over M, namely
_ MxV , (264)
(m,0) (v -m, p(7)v), p(7)0)
where M is the universal cover of M and v € 711 (M) acts on M as a deck transforma-
tion.

Examples:

e Q; with F acting by the identity is the trivially constant sheaf, pure of weight 0.
e Q;(1), where F acts by g ! is pure of weight -2.
e Q; ®Q(1) is mixed of weights 0 and -2.

1 1
(0 q‘1>
is mixed of weights 0 and -2. A filtration is

0C ((1,0) CQ/". (265)

¢ Q with F acting by

Yi Huang Wednesday 29 August 2012
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Theorem 128 (3.3.1): Let f : X — Y be a morphism of schemes of finite fype over Z, and

let F be a sheaf on X. If F is mixed of weights < n then, for each i, R’ f;F is mixed of weight
<n+i.

Reminder of notation (continuous f : X — Y)

e direct image
fi 1 Sh(X) — Sh(Y)
F = fuF
U = F(fH ().
e inverse image
£ Sh(Y) = Sh(X)
g— f'g

u— sheafify(vg;?u) G)

e direct image with compage support
fi: Sh(X) — Sh(Y)
(only push forward compact bits)

(A) Devissage for the sheaf F.
Given an exact sequence of sheaves
0—-F - F—=F"=0,

e if R'fiF" and R'f;F" are mixed of weights < n + i then so too is R'f|.F.
e if R'fiF and Rif, F" are mixed of weights < n + i then so too is R f, F’.
e if the sequence splits and R'fF is mixed of weights < 1 + i then so too are
R'fiF" and R'fiF'.
(B) Devissage for the scheme X.
Letj: U — X beopenin X and leti:S — X be the complement of U. Let F be
a sheaf on X. If , ,
Ri(foj)yj*F and  RY(foi)i*F
are mixed of weights < n + i then so too is R! fHF.
Idea for proof: apply (A) to
0—jjF = F =i F —=0.
(C) Devissage for Y. Let j : V < Y be open with complement i : T — Y. If the

fundamental theorem holds for the change of bases given by i and j then it holds
for Y:

XXyV - X < XXyT
2 f B (266)
Vc -Y < > T.



If (3.3.1) holds for a and S then it holds for f.
(D) Transitivity

If f = goh and the sheaves R'gR/lF are mixed of weight < n + i+ j then the
sheaves RFf,.F are mixed of weight < k. How is this useful? Maybe we can make

asequence
X—>X1—>X...—2Y

of maps of relative dimension 1, in which case we may assume that f : X — Y
has relative dimension 1.

(E) If Y/ % Y is a universal homeomorphism, then it suffices to verify (3.3.1) after
base change by ¢ (étale cohomology doesn’t “see’ this). For example,
e Y' =Y, (kill off all nilpotents in the corresponding spectra)
e Y’ is the normaliser of Y in an inseparable extension of the function field

(F) If f is of relative dimension 0 and F is pointwise pure then fiF = RYAF is
pointwise pure of the same weight, and R'fiF = 0 for i # 0.

So what does this all allow us to do?

(B) and (C) break X and Y into nice pieces. On these pieces, (D) constructs a chain
of maps of relative dimension 1. Thus, we may assume that f : X — Y is of relative
dimension 1.

(B) breaks F up over pieces on which it is lisse. (A) takes the filtration and lets you
deal with successive quotients using induction:
F2
im]:1
Pure lisse sheaves satisfy (3.3.1), implying that F, does as well, etc.

00— F1—= Fr— — 0. (267)

We’ve now reduced to the case that f : X — Y is of relative dimension 1 and F is
pure, so the fibres of f are curves. Theorem 3.23 now reduces us to the curve case.

Theorem 129 (3.2.3): Let X be a smooth projective curve over IFy, j : Uy — Xo open
dense, and JFy lisse and pointwise i-pure of weight p over Up. Then the eigenvalues of F over
H' (X, j«F) weigh B+ i.

To prove this, we need to know how to calculate with vanishing cycles.

Dougal Davis Wednesday 5 September 2012

Goal for Today

e Understand the vanishing cycle functors ®1.
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These are defined in terms of derived categories. The following is based on SGA
section 13.

Let A be an abelian category, let K™ (\A) be the category where

e Objects are bounded below complexes in A

e Morphisms are morphisms of complexes, modulo homotopy

ie. An object in K™ (.A) looks like

0 0 . xitl d! . X d' . xitl it
And a morphism looks like
_, xi-1 dy’! . X diy . i+l
Fi-1 fi fitl
L yi-1 dé/_l . Yi dy . yitl

such that di, o f' = fi*lodi, ie the squares commute. However in addition two
morphisms f and g are identified if there is a chain-homotopy between them. That is

there is a family of morphisms h : X! — Y1 such that fi — gi = hitlo diX + dg,_l ohi

i—1
dX

L xi-1 . X

fi—l i1\

i—1
., Yi—l dY

Definition 130: A quasi-isomorphism f : X +— Y is a morphism in K™ (A) which is an
isomorphism on cohomology.

The bounded-below derived category of A, denoted D" (.A), is like K™ (.A) but every
quasi-isomorphism is an isomorphism. There is a canonical functor Q : KT (A) —

D*(A).

If A and B are abelian categories and F : A — B is a left-exact functor there is a

canonical functor
RF:D*"(A) — DT (B)
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called the (total) right derived functor of F. The classical right derived functors are

just cohomology of this.
R'F(X) = H'(RF(X))
Vanishing Cycles

Our aim is to define ®1.

We have the familiar setup:

Let S be the spectrum of a Henselian discrete valuation ring V (local PID such that
Hensel’s lemma holds), with closed point s = Spec(k(s)) and generic point # =

Spec(k(17)

Let k(1) be a separable closure of k(77) and denote the corresponding geometric point
by 77 = Spec(k(#)). This gives a corresponding geometric point 5 = Spec(k(5)) with
image s € S.

So in the world of rings, we have
V < k(n) = field of fractions of .
V — k(s) = V/m, m = maximal ideal in V.

V is integrally closed in k(7) so it seems like a good idea to take the integral closure.

V = integral closure of V in k(7). This will also be a local ring with maximal ideal
mom.

So we get V/m = k(s) — V/m.

This is not in general separable but it contains a unique separable closure k(s) D k(s)
which gives us the geometric point s.

For convenience, write Gal(77/7) := Gal(k(%)/k(n)) and Gal(s/s) := Gal(k(s) /k(s)).
Also write S = Spec(V).

The construction of k(5) gives us an exact sequence

0 -1 Gal(r7/n) — Gal(s/s) —— 0

where [ is the inertia group and is defined such that the above sequence is exact.
Let Y be over a field k and let k be the separable closure of k and Y = Y ®j k.

Then Gal(k/k) acts on Y by transport of structure.

193For us S is supposed to be the unit disk in the complex plane, s the 0 point and 7 S/{0}

115



If G is a profinite group and u : G + Gal(k/k) a continuous homomorphism, then G
acts on Y via u.

Let F be a sheaf on Y. An action of G on F, compatible with the action of G on Y is
an action of G (by automorphisms) on (Y,F) which induces on Y the action of G on
Y.

ie it’s a system of isomorphisms

o(g):u(g)«F — F
satisfying o(gh) = o(g)o(h).

If F is a sheaf on Y, with inverse image F on Y, then the group Gal(k/k) acts on F
compatibly, by transport of structure. The functor F ~ F with the action of Gal(k/k)
is an equivalence of categories between that of sheaves on Y and sheaves on Y with a
continuous, compatible action of Gal(E/ k).

This is how we’ll think of sheaves.

Sheaves on S

Let S be as before, write 1 : s <— S, j: # < S. A sheaf on S defines sheaves Fs = 1*F
and F; = j*F on s and 7, which we think of as sheaves on 5 and 7 with appropriate
Galois actions. There is also a natural morphism F > j,j*F (since j. and j* are
adjoints). which induces ¢ : Fs = " F = 17 j* F = ] Fy.

The functor F — (Fs, Fy, ¢) is an equivalence of categories between sheaves on S
and triples
(Fs = sheaf on s,F; = sheaf on 7, ¢ : Fs — 1*j Fy)

Geometrically, we think of /*j, as coming from a retraction of D (the unit disk in the
complex plane) to {0}, and ¢ keeps track of what has happened to sheaves as they're
retracted.

Sheaveson Y x4 S

Let Y be a scheme over s. There’s a topos called Y xS which gives us some "sheaves".
We have the following characterisation which Deligne says we can take as our defini-
tion.

Construction/Definition

The sheaves F on Y X S are identified with triples (Fs, .7-",7, ¢) where

(a) Fs is a sheaf on Y, ie a sheaf F; on Y = Y xS with a continuous compatible
action of Gal(s/s).

(b) F; is a sheaf F5 on Y with a continuous action of Gal(7j/#) compatible with the
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action of Gal(7/7) (via Gal(s/s) on Y).

(¢) @ is an equivariant morphism ¢ : F5 — JF5 similarly, a sheaf F, on Y X7 is an
¢ q p ? 7 y U n
object as above.

Dougal Davis Wednesday 12 September 2012

The functor &

We are interested in schemes X over S. ie with a morphism p : X +— S.

So far, we’ve set up a language for talking about sheaves on X; which know some-
thing about what happens over .

® is a functor which takes a sheaf on X and turns it into a sheaf on X x; S.

Let X be a S-scheme and let X = X X S. We have a diagram
j

i
X; - X

X

Where X; = X xg5, Xy = X Xg1, Xs = X xg5 and Xy = X Xg7.

Let F be a sheaf on X, with inverse image 7 on Xz. We set ¥, (F) = 1*j, Fy. By
transport of structure, the sheaf ¥, (F) comes with a compatible action of Gal(7 /7).

This gives us a left exact functor
Y, (F) : Sh(Xy) — Sh(Xs xs17)

Let F be a sheaf on X, Jy it’s restriction to X;, and s it’s restriction to Xi.
Set

(F(F))y = ¥(Fy)
(T(]:))S = Fs

Let F be the inverse image of 7 on X and ¢’ the adjunction morphism ¢ : F j*}*f

This induces:

=k

@: Fs=TF —15] F =y (F))y
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The triple ¥ (F) = (Y(F)s, Y(F)y, ¢) is a sheaf on Xs xs S. The functor ¥ : Sh(X;) —
Sh(Xs x5 S) is left exact.

The functor &

We are interested in cohomology on X which vanishes at X;. To get this to work,
we look at complexes of sheaves on X, we use derived categories and right derived
functors to push the complex onto Xs with ®, look at the part which vanished on Xj,
then take cohomology.

® is the functor which extracts the vanishing part. We consider an s-scheme Y. Let A
be a ring (or sheaf of rings on Y). A complex K of A-modules on Y X S is identified
with a triple (Ks, K;;, ¢) where

a) Ks (respectively K; ) is a complex of sheaves Ks(Ky) on Y with a continuous, com-
patible action of Gal(s/s)(Gal(77/1)).

b) ¢ is an equivariant morphism ¢ : Ks — K5

Any such complex K is always homotopy equivalent to a complex K" = (K{, K;, ¢')

such that ¢’ is an injective and the exact sequence
/

0 A ¢

is split degree by degree.

- K5 - coker(¢') —— 0

Define ®(K) = coker(¢’). This gives a well-defined functor
®:DT(Y x5S, A) > DT(Y x5, A)

Vanishing Cycles

Let X be a S-scheme, as before we have the derived functor
RY : D*(X,A) — D*(Xs XsS,N\)

and @ : DT (X, X5 S, A) — DV(Xs X517, A)

We define
R® = ®oRY

then ®7(F) = H1(R®(0 — F s 0)). (ie D : Sh(X) — Sh(Xs X 177)).

Dougal Davis Tuesday 2 October 2012

Back to Weil 11

Section 3.1: A calculation of vanishing cycles.
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The results of this section will serve to calculate the weights of certain groups of
vanishing cycles, modulo integers.

(3.1.1) Let S be a smooth projective surface (dimension 2 variety) over an algebraically
closed field k, D a divisor with normal crossings on S, V = S — D, j the inclusion of
Vin S and F, a sheaf on V, moderately ramified along D.

We will study the cohomology groups H;(V, F) by the method of Lefschetz pencils
(As in Weil 1, section 5), we embed S in a projective space IP, and we have a pencil of
hyperplanes (H)e a+

Notation: A* is a 2-dimensional subspace of the dual projective space IP. The points
of A* parametrize the hyperplanes in IP which contain a particular codimension 2
subspace A of IP.

For t € A*, the hyperplane section Sy : SN H; of S. S C S x A* is the space of

pairs (x,t) such that x € H;, V is the inverse image of V in S and the morphisms of
projection to the first and second coordinate give the diagram:

S <

The fibres of f : S — A* are the S;.

We have the "general position hypothesis" below

A) The axis A is transverse to S and sidjoint from D. The space § is therefore smooth,
being derived from S by blowup at A* a finite set of points. None of these points
are on D, so we can identify D with a divisor in 3.

B) The only singularities of f are ordinary quadratic points, none of these critical
points are on D.

C) On the normalisation D’of D, the only singularities of f are the ordinary quadratic
points. None of which are above a singular point of D.

A point of S is called exceptional if it is one of these three types

a) A critical point of f on S
b) A critical point of f on D’
c) A singular point of D

A fibre S; is called exceptional if it contains an exceptional point. We also say t is
exceptional.

D) Each exceptional fibre contains only one exceptional point. The exceptional fibres
are therefore one of these three types:
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a) Curve having a double point with distinct tangents
b) D tangent to S;
c) Two branches of D intersecting on S;

The cohomologies of V and V are linked by a canonical isomorphism:
H (V,m*F) 2 H (V,F)® (H (VN A, F)(—1) placed in degree 2)

For the following, it suffices to know injectivity
7" HX(V,F) — H(V,7*F)
is a retraction of (3.1.1.4).

To study the cohomology of V, we use the Leray spectral sequence
E}! = HP(A*, R*fir* F) = H! TV, i* F)

The sheaves R7fii*F = Rif.(jit* F) are lisse, except at the exceptional values of f.

Let t be an exceptional value of f, A*(t) the henselisation of A* at t (the spectrum of

a strictly henselian discrete valuation ring) and 7 a generic geometric point of A>(kt)'

We apply the theory of vanishing cycles to

e the inverse image of S on A’(k -

e the inverse image of jit* F

The sheaves of vanishing cycles ®7 = ®9(jit* F) are contracted at the exceptional
point x of S.

S«——S5(x)

(t)

®7 comes from a nice cokernal of complexes
0 R‘P(]'!ﬂ*]:)t — R‘F(]'!T[*f)ﬁ — R‘P(]'[T(*,;E) —0

Since @7 is concentrated at x@ some fiddling with the long exact sequence of coho-
mology gives a long exact sequence

%) 0

(qu! 71'*;)1} — (qug ﬂ*f)ﬁ > CDZ >

104G is concentrated at x means G(U) = something if x € U and 0 otherwise
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We will calculate the @7 or really their gradation via a convenient filtration under the
following additional hypothesis.

E) The local monodromy of F and D is unipotent.

Let d € D, S(d) the strict localisation of S at d and V(d) the inverse image of V in
S(d). The hypothesis (E) ensures that the inverse image of F on V(d) admits a finite
filtration F (by lisse subsheaves) such that the sheaves Grk(F ) are constant on
V(d). Denote by Gri(F), the stalk at d of the constant continuation of Gr%(F) on
S(d): this is HO(V(d), GrL.(F)).

Dougal Davis Tuesday 9 October 2012

If B is a set of two elements, €(B) a group with two opposite isomorphisms with Z.
For example, A\?Z8B or ZB/(Z diagonal).

We have three cases to consider, according to the nature of the exceptional point x.

(3.1.3)

a) Since jit* F is lisse at x, we have
L' F) = @3(Q)) ® Fi
®%(Q) is given by the theory of Picard-Lefshetz (in dimension 1): ®1(@Q) =0
if ¢ # 1, and if B is the set of two elements of the branches of S; at x, we have
®L(Q)) = Q;(—1) ® ¢(B). In total:
®1(jim*F) = 0 for g #1, and
(i F) = Fu(—1) @ e(B)
b) Assume F = Q;. We have the short exact sequence
0 - 1Q Q ~Qip -0
The groups of vanishing cycles ®% are zero for the constant sheaf Q, since F is

lisse at x. For Qp, it coincides with the analogous group calculated on D. The
long exact sequence for cohomology gives

0:(jiQ) = @} (D, Q)

If B is the set of two points at the hensalisation D(x) above 7 we have
PY(Q) = 0if g#1
Q) = Q ®e(B)

In the general case, let F be a filtration as in (3.1.2). We find by devissage that
O (jim*F) =0 for g # 1

105¢or a filtration F = Fy C F; C ... C F, = F then Gr}(]:) =Fi/Fi_q.
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and that ®1(j7t* F) admits a filtration F for which
Grp®@.(jit* F) = Gri(F) @ e(B)

c) Let B be the set of two elements of the branches of D at X. Denote by ¢, the

projection in S of S at the normilisation D’ of D. We have in a neighborhood of x
an exact sequence

0 71Q - Q - 1,Q) —— Qj, ® €(B)
Since f is smooth at x, and since fy: is smooth at the two points of D’ above x, the
sheaves @7 are zero for Q; and 1,Q;. We have the isomorphisms

@1(jiQ)) = @f (x,Q @ €(B))
The ®%(x,Q; ® €(B)) are zero for g # —1, and ®;!(x,Q;x ® €(B)) = Q; ® ¢(B).
This gives the value of ®1(j,Q;) and, by divissage, that of ®(j,7r* F):
OL(jit* F) =0 for g #1

0

and for F as in (b) o .
Gr® (jit* F) = Gre(F)x ® €(B)

Martina Lanini Tuesday 16 October 2012

Section (1.1) [-adic Sheaves.

a) Let A be a Noetherian ring with torsion, X a scheme. F a sheaf of A-modules on
X is said to be constructible if there exists a partition X; of X such that
e X; is locally closed
e Flx, is locally constant
b) Let R be a local Noetherian ring with character /, m it’s maximal ideal. R is
complete with respect to the m-adic topology.

A constructible R-sheaf is a projective system of sheaves of R-modules ((F})icr, (p17))
where I is an open idea]m such that

i) IF; = (0)
ii) for ] € I, pj; : Fj > Fy, which takes 7 — F Qg/; R/I

We have a functor from Z > to open ideals of R which takes n > m" and a functor
from constructible R-sheafs to projective limits of sheafs of R-modules.

c) Let Q; C E C Q; with R the integral closure of E in Z;

«) Let F be a constructible R-sheaf and take F ® E, a constructible E-sheaf
B) We have that Hom(F ® E,G ® E) = Hom(F,G) ® E

1%an ideal that is open with respect to the m-adic topology

122



Let F be an E-constructible sheaf, we call it lisse if locally it is G ® E with G a lisse

R-shea@

d) Take Q; = E C F C Q;, F an R-constructible sheaf. For iterated extensions we
have a canonical isomorphism

(FQRE)® F= F®gF
and for 7' and G’ E-constructible sheaves
Hom(F' ® F,G' ® F) = Hom(F',G')® F

The Category of Constructible Q; Sheaves

For Q; C E C Q consider the functor that takes E-constructible sheaves to Q-
constructible sheaves which induces the isomorphism

Hom(F ® Q;, ¢ ® Q;) = Hom(F,G) ® Q,
A Qj-constructible sheaf is lisse if it is locally F ®F Q, with F lisse.

Here we will use derived categories. Let Q; C E C Q with E a finite extension of
Q. R, the integral closure of E in Z;, is a local ring with maximal ideal m. D~ (X, R)
the derived category of bounded above complexes. An object K of D~ (X, R) is iden-
tified with a projective system (Ky)ncz.,, (0n+1,.) where K;, € ObD~(X,R/m") is a
complex with isomorphisms

Kn+1 ®R/m”+1 R/m"»%Kn

pn—|—1,n (Kn + 1) = Kn_|_1 ®R/m”+1 R/m”

We have that ( ) ( y n)
D (X,R) =limD (X,R/m
o

If K € ObD!(X,R), an object in the derived category of bounded R-constructible
sheaves, then

H'K = lim H' (K ©p /i1 R/m")
n
is an R-constructible sheaf.

Also _
D{(X,Q;) = lim DY(X, E)

[-adic Representations

Let 77 be a profinite group, An [-adic representation of 7t is (V, o), where

e V is a Q;-vector space

107 An R-sheaf F is lisse if F; = F ® R/I are locally constant
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e 0 : 7w — GL(V) is a group homomorphism such that

— there exists a finite extension of Q; denoted E
— there exists an E structure Vg on V such that the diagram

T GL(Vg)

GL(V)
commutes

For X connected, ¥ € X the geometric point, we have a functor from lisse sheaves on
X to continuous representations of 711 (X, %) which sends F — Fx the rr;-module.

Definition 131: A sheaf F on X is simple/irreducible if

o F#0
e For every subsheaf G of F, either G =0o0r G = F

We say F is semi-simple if F = @; F; with F simple.
Definition 132: A Jordan-Holder series of F is a finite filtration

FoC...CFaCFC..F,=F
such that

o F;is lisse

o Gri(F) = F;/ F;_1 is simple

o Gr'(F) # 0 is constituant of F
o @ Gri(F) is semi-simplified of F

Let K = IF, with K it’s algebraic closure, ¢ € Gal(K/K) the Frobenius automorphism
¢(x) = x7. Let F be the geometric Frobeniu@ we define the Weil group W(K/K)
as the subgroup generated by integer powers of F'.

W(K/K) :=< F' >;c7C Gal(K/K)

We think of W(K/K) as isomorphic to Z by sending F' + i and Gal(K/K) = Z the
profinite completion of Z.

Take X = Spec(K) and F a sheaf on X. The pullback of F to Spec(K), denoted
Fopec() 18 @ Q;-module on which Gal(K,K) acts. This gives rise to an equivalence

of the categories of sheaves on Spec(K) and Q;-modules with an automorphism of F
with eigenvalues of /-adic units.

198that is such that Fop = ¢ o F = id

124



i) A Weil sheaf 7y on X is given by

e a sheaf F on X
e an action of W(IF,[F,;) on (X, F)

ii) Let ¥ € X be a geometric point of X, W(Xo,X) = 71(Xo,X) Xgair/F,) W(F/Fq)

with
m (Xp, X) — nl(Spec(IFq),E) = Gal(]F/IFq) D W(]F/]Fq)

iii) An automorphism of a Weil sheaf (X, F) is given by (f,s), where

e f: X — X is an automorphism

o 9: fuFF
Define: 711 (Xp, X) as the arithmetic fundamental group

ker(7r1(Xo, ) — 11 (Spec(IFy), %))
is the geometric fundamental group 71(X, X)

Martina Lanini Tuesday 23 October 2012

Let’s recall the set up from last time. We have Xy a scheme over F;, x € X the
geometric point. F = IF, the algebraic closure of F;, X = X( ®F, then the Weil group
is

W(Xo, %) = m1(Xo, %) Xgae/¥,) W(IF/Fy)

If X is the universal cover of Xg, we can lift the action of W(Xo, %) to X. We
have an equivariant morphism from X — X with respect to the natural morphism
W(Xo,y) — W(]F/IFq)

Let Fy be a lisse Q;-constructible Weil sheaf on Xj. It is enough to look at the fibre at
X then we have a continuous action of W(Xp, X). So we have a functor from lisse Weil

sheaves on X to Q; representations of W(Xy,¥). In the case that Xy is connected, we
have an equivalence of categories.

Let F be a sheaf over X. If F : X — X is the Frobenius endomorphism of X deduced
by extension of scalars from the Frobenius endomorphism F : Xy — Xp, x — x7, then

idx, x F: X =+ X

is the geometric Frobenius. By (SGA 5,XV) we have
(idx, x F)*F = F*F
If Fy is a Weil sheaf on XY then we have F*F = F.

So we have the functor Fy — (F, F*) which is an equivalence of categories between
Weil sheaves on X and sheaves on X with the isomorphism F*F = F.

09x, = X ®F, ﬁq
MOW (Xo, X) acts trivially on Xy as a subgroup of 71y (Xo, X)
1o (idy, x F)*F = F
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Weights

Let g = p" for p prime.

Definition 133: A number « is pure of weight n if it is algebraic and all it’s complex
conjugates have absolute value q2.

Let X be a scheme of finite type over Z, F a sheaf over X.

i) F is is pointwise pure of weight m if for x € |X|, the eigenvalues of F,["7] are
pure of weight n with respect to N(x)

ii) F is mixte if it admits a finite filtration
0=FOcFrWc...cFW=F

where F() / F(i=1) is pointwise pure. The weights of the nonzero quotients are
the weights of F.

Example 134: Take F the O-sheaf, which is pointwise pure of weight n € Z. It is mixte,
with weight set the empty set.

Stability of Weights

i) The category of pointwise pure sheaves of weight 1 is stable under

taking quotients

taking subsheaves

extension of scalars
under pullback (f : Y — X)

under pushforward for f finitelﬂ
ii) For F, G pointwise pure of weight n,m respectively, 7 ® G is pointwise pure

of weight n + m. If F, pointwise pure of weight n is lisse then it's dual F is
pointwise pure of weight —n.

iii) The category of mixte sheaves is stable under the operations in (i), and under
tensor products

iv) Q;(1) is pure of weight -
Definition 135: An l-adic unit « € Q; is pure if weight n if every embedding 1 : Q; — C,

n
« — 1 has absolute value || = g2

More specifically, a € Q; is i-pure of weight n with respect to g if

12F, € Gal(k(x)/k(x)) is an endomorphism of Fy

3¢ .Y — X is finite iff there is an open cover V; = Spec(A;) of X such that f~1(V;) = U; = Spec(B;) is an open affine
subscheme where the restriction of f to U; makes A; a finitely generated B;-module.

114Q, (1) = Q; as a Q;-vector space and F acts by multiplication by g7
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e g = p" is a power of a prime and

o the weight of a, wy(a) := 2log, | =n
Definition 136: For p € R, a sheaf F is pointwise i-pure of weight B if for x € |X| every
eigenvalue w of Fy acting on F is 1-pure of weight p.

A sheaf F on X is i-mixte if there is a finite filtration
0cFVcF@ . . Fim=F

where F()/ Fi=1) i pointwise i-pure and the weights of F are the weights of the
non-zero F () / Fli=1)

Twisting

For b € Qj, let us twist by @l(b) any Weil sheaf of rank 1, on which F acts by
multiplication by b. If F is a Weil sheaf on X is pointwise pure of weight n, then

FO) .= Fg @l(b) has weight 1 + 2log, |ib|, deduced via twisting from F.

Any -mixte sheaf is a direct sum of sheaves deduced via twisting which are mixte of
integer weights.

Any lisse sheaf on X (normal, connected, of finite type over IF;) is deduced via twist-
ing from a sheaf whose determinant is defined by a character of finite order of 711 (X).

Trithang Tran Tuesday 30 October 2012

Autour de Jacobson-Morosov

Reminder: slp(C) is the lie algebra generated by
— 01 1 0 10 0
E=[§ o] m=lp O F=[2 g
[H,E| = 2E, [H,F]=-2F, [EF]=H

Theorem 137: Given a nilpotent element e € g in a semi-simple lie algebra, then there exists
elements h, f € g satisfying the relations above.

with

Let V be an object in an abelian category (such as a vector space)

Proposition 138: If N : V. — V is a nilpotent morphism, then there exists a unique finite
increasing filtration M of V such that

1) NM; C M;_,

2) N¥ induces an isomorphism Gr’]‘w(V)%Gr;/Ik(V)
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Proof. induct on d, where N*+1 = 0.

Base cases: If d = 0 then N = 0, and
VvV, i
M; = {o i

7

0
0

NIV

inductive step: Suppose N4+l =0, take My = V, My, = kerN%, M_; = imN? and
Md—l — 115

Now apply induction in kerN“ /imN We have a filtration of kerN“ /imN¥.
0=L_(41)C... CLg_1=kerN?/imN*
Then M; for —d < i < d — 1 is the preimage in kerN? of this filtration. O

Definition 139: The primitive P;,(V) of Gri,; (V) is ker(N : Gri, — Gr?)

Claim:

i~ .
Gru= @O Py
j>1
j=i mod 2

Ifi>0,N:Gri, — Grﬁqz is injective and N*~! o N is an isomorphism then P =0.

If i > 0, write N o Nit1 : Grﬁ2 — Grﬁ — Gr;/f_z. This composition is an isomor-
phism.
We get
Gryi = P @im(Grif?)
P]' P GT’X/;_Z

I

Repeating gives
Gry= & P

jzi
j=i mod 2

Lemma 140: N : (V, M) — (V, M shifter by 2) is strictly compatible with the filtrations.

Proof. To show: NN M; C NM;,»

two cases: If i < 0, then the morphism N : M; , — M,; is graded surjective, this
implies N is surjective, so NM;p, = M;.

If i > 0 the morphism N : V/M;, — V/M; is graded surjective, so is injective and
N=IM; C M; .

5G4, = V/kerN? and Gryf = imN*
116Gince N is nilpotent on kerN? /imN? of order d
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The grading on V/M;, comes from the grading on V.
Miya(V/Miyr) = Miya(V)/ Mito

Gritd — Mii4(V/Mi,)
M;3(V/Mii2)

So

= Miy4/Miysz = Grig*(V)

Corollary 141: The inclusion of kerN — V induces the isomorphisms.
Gri (kerN) = P;

Suppose now that V is a finite dimensional vector space over k. We begin by describ-
ing M, when we have a basis e.

N
.0
O --- 1

Suppose dimV = d + 1, label basis elements eg,¢4_»,...,e_g then M; = (¢;|j < i).
In general, V is a sum of subspaces V, invariant under N.
0 --- 0
) 1 --- 0
When N looks like (: . 0)
0 --- 1

1.6.8 (Jacobson-Morosov) If k is of characteristic 0, we can interpret M in terms of
(Jacobson-Morosov).

Let u : SL(2) — GL(V)
0 0) _
du (1 0) =N

And V; is the subspace of V formed from the vectors such that u (6‘ Aql) v = Mo.

Then M; is the sum of the V] forj <i.

Rest of 1.6

e Define tensor products of V and N

e Define duals
e Say that the filtration we get behave nicely

e Suppose we have another filtration W of V

e Construct a similar M
With NM; C M;_, such that N = Grit*(Gri, V)= Gri K(Gri, V)

efine (V,N)= (V' , N )Q(V', N )with V=V'QV"' N=N&X14+1Q&
Defi V,N V' N’ V" N" ithV=Ve@V' N=N®1+1N"
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The dual of (V,N) is (V*,.TN)

1) If k is of characteristic O, the filtration M of the tensor product is

M(V'oV')y= Y My(V)oMn(V")
i'+i"=1

2) The filtration M of a dual is the dual filtration M of the space
M;(V) = M_; 1 (V)*

3) Gry is compatible with tensor products and dual.

Arun Ram Tuesday 20 November 2012

My job is to talk about §3.2 and §3.3. §3.3 has the main theorem and §3.2 has the
main theorem leading to the real main theorem of §3.3.

Proposition 142: (3.2.1) Let X be a smooth absolutely irreducible curve over IF; and Fq a
smooth pointwise 1-pure and 1-real sheaf on X.

Then the polynomials '
idet(1 — Ft, H.(X, F))
have real coefficients.

Remark:: The above proposition is valid under slightly weaker hypotheses.

Theorem 143: Let Xq be a projective smooth curve over IFy, j : Uy — Xo an open dense
subset of Xo, Fo a smooth pointwise -pure sheaf of weight B on Uy. Then the eigenvalues a

of F on H'(X, j.F) satisfy wq(a) = B+ 1.

Deligne says "For a description of the main line of the proof, I refer to the introduc-
tion"

Main theorem of (3.3.1)

Theorem 144: B(S.S.l) Let f : Xo — So be a morphism of schemes of finite type on IFg,

Fo a mixed sheaf of weights < n on X. For each i, the sheaf R' f,Fy on S is mixed of weights
<n++i.

Introduction

In [1], we have proved the conjecture of Weil giving the complex absolute value of
the eigenvalues of the Frobenius acting on the cohomology of a projective smooth

7In the proof of the Kazhdan-Lusztig conjectures by Beilinson-Bernstein they say "The proof follows the same lines as the
proof of theorem (3.3.1) in [Deligne].
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Variet defined over a finite field.

Here we study the sheaf valued cohomology; this amounts to the transfer of point-
wise properties of a sheaf to properties of it's cohomology.

Let X be a scheme of finite type on IF; and Fy a Q)-sheaf on Xj. We assume a a fixed
algebraic closure IF of IF; and we indicate by suppression of the index the extension
of the base field from IF, to IF(cf. (0.7)).

For xy € |Xp| a closed point of Xy and x € X(IF) above it we have available the
Frobenius automorphism Fy of the fibre F; of F at x.

We say that F is pointwise pure of weight n if, for each xy € | Xp|, the eigenvalues of
Fy, on Fy are algebraic numbers all of whose complex conjugates have absolute value

N (XO) % .
We say that Fj is mixed, if it is an iterated extension of pointwise pure sheaves.
The weights of these are the weights of Fj.

For Sy = Spec(IF,), theorem (3.3.1) says that, for each eigenvalue « of the Frobenius
on H.(X, F) there exists an integer m < n + i (the weight of a) such that the complex
conjugates of a are all of absolute value g7.

The Poincare duality then allows for the conversion of the upper bounds to lower
bounds. (3.3.5) For example if Xy is proper, smooth and the sheaf Fj is smooth@
and pointwise pur of weights 7, then the eigenvalues of Frobenius on H'(X, F)
are all of weights 1 + i, which we will indicate by saying that H(X, F) is pointwise
pure of weights n + i.

For Fy = Q; (of weights 0) we recover the principal results of [1@

An easy introduction, parallel to the proof of the finiteness theorem for the R f;(cf.
SGA 4, XIV,1) converts theorem 1 to the following theorem, and to a local study at
infinity of the smooth pointwise pure sheaves on a curve( C) below).

Theorem 145: (cf. (3.2.3)) Let X be a proper and smooth curve over Fy. j : Uy — Xo
the inclusion of an open dense subset, Fo a pointwise pure sheaf of weight n on Uy. Then
H'(X, j.JF) is pure of weight n + i.

The following are the outlines of the proof.

A) Nettoyage

118 1t helps to remember that by projective we mean compact, by smooth we mean the tangent space behaves how we expect it
to and a variety is a set of solutions to equations

Mlocally constant, in alternate terminology

120same eigenvalues

121Weil 1
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i) If u : X; — Xo is a finite surjective morphism from a proper smooth curve X,
and we designate by ’ the change of base by n, the H(X, j..F) are the direct

factors of the H'(X',j.F'). This argument allows one to reduce to the case
where the local monodromy of F at the points X — U is unipotent.

ii) A duality assures that H (X, j.F) and H?>"/(X,j.(F)) are in perfect duality
with values in Q;(—1).
() H(X,j.F) x HH(X, ju F) = Q

This reduces us to verifying that the complex conjugates a’ of the eigenvalues

a of the Frobenius on H!(X,j,F) are of absolute value |a’| < q(nzii) The
difficult case is that of H'.
Arun Ram Tuesday 27 November 2012

B) Complex embeddings.

Let « € Q) be an eigenvalue of the Frobenius on H'(X,j.F). It is convenient to
reformulate the estimates to be verified: for each isomorphism  : Q; — C we have
o] <"

In the proof each isomorphism : will be treated separately; this motivates the
introduction of notions of pointwise i-pure and -mixed sheaves. It is also conve-

nient to talk about mixed weights that are ;-real. We will prove theorem 2 with
pure replaced by -pure. We refer to (1.2.11) the reader who, like the author, avoids

the axiom of choice implicit in the usage of the isomorphisms between Q; and C.

C) Local monodromy of :-pure sheaves:
Put Sp = Xo — Up. We begin by showing that if F( is smooth and pointwise -pure
of weight € R, the weights wy(y,) () = 2logy,,, || of an eigenvalue a of
Fy, on j.JFo for xg € Sp, is of the form p — m, with m integral, positive and we
determine m in terms of the local monodromy of Fy at xg (1.8.4). More generally
we determine wy(y)(«) for an eigenvalue a of Fy, on Fp in the sense of (1.10.2).

First step: show that wy ) (a) < B +2.

We do this by exploiting the Grothendieck formuld’ | for the function Z(Uy, Fo, t):
applying ¢ we find that the left hand side is an infinite product converging to
wy(t) < —pB — 2, the right hand side is a rational fraction with numerator :det(1 —

Ft,H!(U, F)), and we use the fact that the (j..F ), for x € S contribute to H} (U, F).

Second step: Apply this result to tensor powers of F( and their dual, keeping track
of the local monodromy. Having obtained this, it is advisable and convenient, to
study jiFo and j.Fo: if Fp is smooth and pointwise pure of weight B € R then
we show that the eigenvalues a of Frobenius on H} (U, F) = H!(X, ji.F) are of
weights w,(a) < B+ 1. We will assume, to simplify the exposition that = 0. We
arrive at this case by torsion (1.2.7).

122number of F fixed points on X is |X|F = ¥;(—1)"Tr(F, H (X))
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D) Passage to Xo x Xo. The principal geometric idea is to pass from (U, Fpy) to

(Up x Uy, Fo X ]—"0)@ and to analyze
H(Ux U, FRF)=H (X x X, 1 FXjF)

with the help of a pencil of hyperplanes section of Xy x Xp, assumed to be in
general position. This is via a convenient projective embedding of Xy x Xj.
Eigenvalues of Frobenius on H*(X x X, jiF X jiF): Show wy(a) <3 =2+ 1. The
Kunneth formula assures that a? is an eigenvalue of the Frobenius on H2(X x
X, jF W jiF), which gives wy(a) < 1+ 3.
In Weil 1 there was a section: "The fundamental bound".

We take a pencil of sections (very general) of hyperplanes of Xy, Gy is the inverse
image of jiF X jiFp in Yy where the hyperplane sections are fibres of a morphism

f:Yy — P! where Yj is Xy x Xp union a finite number of points. The Leray
spectral sequence for f, reduces the study of H(X x X, jiF ® jiF) to the study of
H'(P!, R'2£.G).

How should one calculate the weights of R! f+Golv,? (W is a certain open of ]P(l))
In the application of (1.6.3) and (1.3.2) it’s hypotheses come from the theory of Lef-
schetz pencils, particularly from the theorem of conjugation of vanishing cycles.
Here R!f.Gy admits ramification points of 3 distinct geometric types.

Dougal Davis and Yi Huang Tuesday 11 December 2012

Examples

Examples of Lisse constructible Z;/Q;/ Q)-sheafs:

Recall: A lisse constructible Z;-sheaf F on a scheme X is a projective system

(J—"n)nEZ>0
such that F, is a locally constant etale sheaf of Z/I"Z- modules on X, and the maps
Fu—>Fnm, n>m
induce an isomorphism
Fn @z mg Z/1"Z= Fo

Examples:

e F, = constant Z/1"Z- sheaf Then F is called the constant Z;-sheaf on X.
F®z,Q =0Q

is the constant Q;-sheaf.
o X = Spec(IF,)
FW = Z/1"Z-span (Homx (U, Spec(F.)))

12where Fy ® Fy = priFo ® prsFo
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Spec(F,2)

X = Spec(IF,)
In general, U € Ob(Et(X)) is of the form

U= Spec(qukl) U Spec(IFqkz) U...USpec(F,)

Spec(B) — Spec(A)
A— B
Alty, ..., ty]

p=tlonl

(free0 fu)

Because of the gluing conditions for sheaves the behavior of F is captured by
Spec(F x).

In the case of U = Spec(FF ) — Spec(IF,)
Fn(Spec(Fy)) = Z/1"Z -span(Homg, (F2, Fr))

_ {(Z/I"Z)Z if 2 | k
0 otherwise
Fn|Spec(]Fq2) =Z/I"Z

Algebraic/étale fundamental groups

Recall: The algebraic fundamental group of a scheme X with a geometric point ¥,
denoted 711(X, X) is defined as follows.

Let FET/X be the category of finite étale covers of X.

The algebraic fundamental group is

m1(X,%) = Aut(F) where F :FET/X— {finite sets} is the functor given by F(Y) = {
geometric points of Y above x}.

If we were working in topology, the universal cover X of X would represent F, ie
F(.) 2 Homx(X,.).

In the algebraic category, the "universal cover" of X is a projective system X = (P;);c;
in FET/X with F(.) = limHom(P, .).

iel

If we choose the P; to be ”nice’@ then we get a projective system of finite groups

24analogous to Galois extensions
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(AutX(Pl-)),-el with
ﬂl(X,f) = @Autx(Pi)
i

Examples

X = Spec(F,), x : Spec(FF;) — Spec(F,). Then finite étale covers of X are disjoint
unions of schemes of the form Spec(IF;). Take P, = Spec(IFgn), n € Z~q then (P,) is
nice, so
m(X,xX) = limAutx(Py,)
% n

= limAutg, (F) = limGal(F./IF,)
% g\ % gt/ Eq
= Gal(F,/F;) = Z
This acts on the stalk of a lisse Q;-sheaf on X.

Eg Z;-sheaf F = (F;,) with F,(.) = Z/1"Z -span( Hom(., Spec(IF;)) )

n 2
Fn(Spec(Fqn)) = {(()Zo‘{lrllerzm)/islef 2| m

stalk: Fx = Q7 with F acting by <(1) (1))

X = Spec(F,y[t, t71]) = Fy

Some connected finite étale covers Yy, = Spec(Fg:[s,s7]), X = Spec(IF,[t,t 1)
@mn : Ymn — X where ptm
o=t
Fgn <= T,

Guess: (Yo n)mnez., is good enough to compute 711(X, X).
pim
Autx(Yimn) EZ/mZ x Z/nZ
So )
m1(X,%) = UM Z/mZ x Z/nZ = ;1,2 x 2.
mmn
ptm

Etale sites

Instead of building spaces from open balls, we instead build from pre-assembled
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pieces.

Etale morphism: 2 ways of building étale morphisms

1) Extend your field F < F . (fattening your points).

2) Finite covers of open set in your variety (scheme).

In cohomology, we ignore 1), and care about 2) because that’s where topology is
involved.

Example of étale morphism.
X = Spec(FF,[t]) = F,.

The inclusion morphism of a Zariski open set 1 : U — X is étale. Take U = FZ =
F, — {0}, U = Spec(F,[s,57']). Then
1:Fg[t] — TFyls,s7 1

t — s
is an étale morphism, but not finite.

Heuristic: non-finite étale morphisms are from (finite covers) of open sets in X that
are missing points (subramifies).

]Fq
Fy
Spec(pn) =pu: ()1 — (F,):
z +— Z"
(n-fold cover)
o (Fgls,s71): — (Fgltt™ '
s — t"
(s—z) — (f"—z) =TLu_(t —a)

Etale topology:
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open sets are these finite cove of subsets of X. Morphisms are by inclusions

u — ¢

U,
P1 oY

X
Sheaf cohomology - acyclic resolutions.
X, F a sheaf on X (étale or otherwise).

Define: Gode(F) to be the following sheaf:
GOde(‘F)(u) = HueU(I)u

From the following diagram:

0 F
Gode(F)
2 F(U) Gode(F)(U)

where 0|, is the germ of ¢.

We have the following resolution

125Automorphisms, which means some chance of constructing fundamentals via a limiting procedure

137



0 —— F = ker(dy)

Gode(F) — coker(t) = ker(dy)

<

Gode(coker(t)) — coker(dy) = ker(dy)

%

Gode(coker(dy) ——— ...

this is the Godement resolution. Take I' of the diagonal - this complex gives coho-
mology. Cohomology measures what sheafification adds here.
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