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Queene :

1- chekanov- Eli ashbery DaAs associated to Lesendvian knots/tangles

2. Augmentations and cell decomposition .

3- Application = counting
,

dual boundary complexes
.
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chekanov-E-liashbergpax-sset-up-contactpo.ir(V
,
D
,

V = contact manifold

A = Legendary submanifold
.

3

↳ = ✓= (R¥%z , 2=012--74×7 , a ↳ V Lesendñan knot
.

-

•

"

open string theory in CREW , Rex4)
' '

+ A
Sihnplectization Losransion cylinder

→ RdañÉsy CC SET> =

Contact pair CV
, a) - Legendcian contact homology

Daa ACHA> .

C LCH DGA or chekanov- Eldashbens DGA >

•A = generators = Reels chords of N.



• differential (deg -b) = Counts certain holomorphic disks

in the sympleceizatioy vRexV
,
with boundary along

the Lagrangian cylinder uRexN
,

and meeting

the Reels chords are infinity at some punctures .

☒

! -0
-

I fire/ 1¥.tw/pfXp=.?pwri
¥EErexv

(holomorphic disks defining the LCH DGA differential>

→ za = -22 bibs - - - bu

r

weights

[N, M)= %?
Add abaseptatI 1

1 each right cusp i
'x~s-wntpwjea.IE

>
✗

ransianpno-e.no?Ex

⇒ ACA >=KÉ! aya4, 93,1-541--0,1%-1=0,19-1--1 .

{ 29=-51-191+934-99293 2-4+-1--0,29=0 .
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Fact - the Lcn ☐ at d-CYD is on Legendnian isotopy
invariant for A ↳V

,
Up to homotopy

efuivaleuce.EU#--n-Eia5:-WhenV--iRxp--contad-o-fiction of exact

symplectic unfed ⇒ d- CV
,
×> well-defined

-
- - - -

- -
- - - -

-
- - -

our case ,

3

✓= (Rx
,y,z ,
2=012--74×7

,

a ↳ V Lesendñorn knot
.

→ Lcn paA ALYN = c-E Daa 1-as admits

a combinatorial description =

-

Iuusña-uIJ=
-
- - - -

- -

3
front iRqy.az Lagrangian
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{ projection _axzf ¥1 projection
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'Rx,z~ IRE
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-143 ✗o

l l

✗ I txz X
, Xp Xs

(the right-handed lesendrian trefoil knot -173 )
.

IÉÉa= ( Conley- Zehnder index )

• µ = some 24¥awed mask potential encoding the

grading if the Reeb chords of a

Cr - rotation number of A)
.

IÉEy -

-

r - o
.

• *y - - -

,
☒B = some base points on ✗ so that each

night cusp is marked
.
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• for any open interval ( Si, CIRX

→ Legendary tousle ✗ syst := ^/ { s , exes,} .

EI .
CSI
,SD = 1×4×2) Gee above tisane> =

1-1-1
⇒ Acs :SD= 1

if ↳ J
'

cain>

t÷¥
1 I
×
'

Xz

proof -.

I an combinatorial assignment acsi.su>→ 1-(NEED
a

s- t . 2%-5-dead
baas

D As an algebra
,

-4

1- excess> = ZE-lpi.ie?-jTsai,...aw>

where
. tij owesponds to the base point

☒
ij on

^(SHY
,

• ari 's correspond to the crossings
,

risk cusps , and the

pairs of left endpoints of Acsi,Sid .

(E=g= 1- (Naia) = 2- < ay aijik-ig-c-cs.es - ay= )

⇒ Access> is an invariant of NID , up to

homotopy equivalence



3) each inclusion V ↳ U in

iRxiuducescyco-vestiiction-ap@fZEr-svadedDGD-Di.Lu.v
: 1- (Nv)) → 1-Cacus>

4) The DGA's f-(Alesis)'s satisfy a

co-sheet/Van-Kampen property .

=

"

stairs hot disks"

L
,
R ↳ Va (open intervals in ⇒

on
with v=LnR É

⇒u,
#

⇒
1-(has> Acura>

hurt
g-
blur

d-(NL)) - d- cakes>
huh

5) .

For each elementary besendiran tense

¥|É = ( parallel strands} ( asrusceaossins)
,

TÉÉI "¥k§÷±y.⇐*u⇒, Lasik """
night cusp )1¥



as have explicit combinatorial description of

d-(g)
/
A "

counting of mob disks
4

.

f-⇒ .

G) d- (Ato, -77=1-6-3 is thechekanov-E-li-shbergD.CA/associated to N
.

(global co-section of a constructible co- sheaf of %r→vaded

DAAS )
.

Example :
-

① : CT
, µ
= n parallel strands

:÷
⇒ ACI) d-Ct> É ACED

.

& 1-G)= 21 < a '
- Isis a- n>

.

aij =

5

• Grading = 951 = Mei>-HIS -1 .

i

- difference : 29g = I *Fih
"

aiuauj
"
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② .

.

(M M>= %>

Add abasept at1 I

f
each right cusp

. - ¥F¥
'

Xus-wntpwjea.IE
>
×

ra→ian
pose.÷É×

⇒ ACA >=KÉ! aya2, 93,1-541--0,19-1=0,19-1--1 .

{ 29=-51-191+934-99293
2-4+-1--0

,
Sai =o .
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i
es : 1¥

,

423= 21-1
• A ( ✗ Cxyxztc)) = I < aij : 1<-55 C- 4 >

, ,
3 s ° I

etc.
¥1

4913) = 1
,
L (92-3)=91

,
h(924) = 1

,
lcaij)=o
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2- Augmentations
-

Given any cegenduian knotink ↳ v7
,

open interval last → Lesesduiantomsle

✗ (S , ,s→
a 9

Nyse> uses⇒
( OCE Cal>

→ 24W-stranded Darts ,

yAC^ÑDq
d-(nlsyste)) d-CASES⇒

- -
- - - - - - - -

-

be_fn= the ( 2hr-sanded) augmentation variety

of a 2hr-sanded Daft 1- is:

Aug (Asw> =={ E : A → CKD Kur-svaded DAA naps}
T T

f fixed base field trivial %v→vaded DGA le
affine

with zero differential
.

-
-
- -

- - - - - -

→ Aug (us>s→>

← ↳
AUSLACS>Sites> Auguste

,⇒



Example .

.

① : (T.MS = n parallel strands .

n

- Fix Ct>== ☒ Kei
,

ei ← g- in⇐ MS .

5--1

19-1= - Ncis Cod 2h3

• filtration fi on CCT>=

file) : = ④ Kej
,

osier
.

←Jen

→ CCCT)
, F) is a %Ed filtevedfveektnodue .

• DefIÉ '

-

Austin> Is Eat'C@⇒
,
F))

E- dce>

by day ei = ⇒
""
dais>g- .

tract.- y Aust , µ
⇒ { d c-Erika,EJ, d2=o}

"

{ ¢0T>
,
d) = 2hr-sraded filtered

complex of free b-modules}
(
"
Borel soup

"

>

⇒ Bank) : = Aut (Ctc).ES A { dc-onoikcc-p.ci > =]
I=o

Wa conjugation withfÉI .



Deff , [ G- Aus ce
, µ> is acidic , if -

hitLCCT)
,
dcc>) -50 ,

i -e .

the complex (CG), dccs)
is acidic

.

NIEN : Aus
"
(T.pe) : = { [ C- Aust. µ> acyclic} .

② = Can> = 2.3

⇒ Austin ;↳ ⇐ {ethic,a⇒> c- 6%6
' /

EKD-t-EGD-EGD-EGDE.cat [(g)-→]'

I¥ Ausacty>trike> its -_{de+4%,a)=co} .

*a /
Aus↳agate;k)={ Elan ,a,¢,a↳.am#---k4

④E) (ab) = I
,
E)@ iD = 0

E) Cass) = Ela,>
,

E)Caza> = 1 .

Balu) -orbits

can compute, ✓ I

Aug9(T.iq#csih)-- {day>to ] u { clay)=o}
0 112

112

Beryl 7344×2+4) (k*ixk2 (k*§☒k .



cekd-posi-u-E-u-E.CA
, µ> = Leseuahia, knot front projection .

- Let Xocx, c- - a XN be the generic X
- coordinates

separating the singularities (crossings, cusps) of 9×2-4>
.

is Alexi,Xi-c) - ¢ , µ> .

→ Authorities :b ¥ Auskx.MS ;↳
11

U Augfacxtxiixi-D.ly
r

finitely Bwlilxioxite
)i↳-orbits

→ Aug ( 4.µ)i↳ = U Augp (K,µJ;k>
pc-NRK.ie> if

⇒ cell decomposition n H-ughaiacxi.xi-es.is)⇐ ISN

theorem .

-

a 7- a natural decomposition by locally closed subvauieeies

AugCA,µ)ih> = U Husker
,
Ms;D

PENRCMP

with Ausf (cap);↳ ⇒ 59>✗ k%>
.

Idea0f=

cosheot property for c-c- Darts ⇒ sheaf Pwperty
for

1- (Ns,Sj) Aus(NIH;k) .



3- Applications

①

augmentation number .

Theorem_ = I

• k =p,⇒ q-dimAUSCCNM.es/Augccqrs-Ee31c-z-EJ
is on lesenduian isotopy invariant, and ,

g-
dim¢A↳(CAM 's

/Aug (ca,µ, g)I = g-←¥zB Rca,µ>G) .

where Rea,µ>
CZ> c- Ez-43 is the rulingpotyn-om.ae

@ state-sum invariant of Cam>>
,
z=q£-5£ .

↳=
N . Katz 's theorem ⇒ the E- polynomial of

Aug(CA,µ ; ¢> is =

EdAusmus ; e) ; ay>=/ Ans (49%7)/
g⇒y .

→ get formula for the E-polynomial .

-
-
-
- -

-
-
-
- -

- -
- -

Ruling polynomials
-

i

Deff , • AÉ P of Ch, M) is on decomposition

of the front diagram Tlxz (A) into the boundaries of
2

disks in rR×.z satisfying on

normotcondieion-a.cn
switch of a normal ruling p is a crossing of des O

-
--

-
-

that appears as a corner in the boundary of some disk of P .



'

-

admissible disks near a swiech.

KHE ¥111
- - -
- -

- - -
- - - -

-

E 4, M> = Tzz → 3 normal rulinss Pi, Pz, Pz .

¥É#±¥¥*÷÷
p ,

Ph
Ps

Petn

• ps-NRCA.fi normal ruling →

✗ (p) : = * (disks> - 4- (switches>

• thezÉ of 4. µ is =

Run
,µ>
CZ> = = I 2-

-✗
c-z-cz-HJ.pc-NRLN.MS

as lesenduion isotopy inv .

- - - - - - -

EI-ample.CA , µ)=Tz > ⇒

Rez,(z> = z-XYD-iz~QD-z-XB-zz.tt z

⇒ d-- = Max deszlrca,µ↳→) = 1 .



on the other hand
,

Anstey> ik = { EC-4.ae>g) c-
LEXI /

EC-45t-ecad-ecaj-s.ca,at}3=o}
= W Ausftz, ;D

Cell decomposition pGNRCTzz)
µ
P3

= { canto, vteca.ae#o3---Ck*P
¢781

w {Elad -1-0, Hanau⇒ I k%k
A P2

U { Ela,>=o
,
it scared -1-0] -5 k*xk

⇒ g-
dorm

/ Aust, see>1=5
>
(de-DE + e-is )

= g-£ zz + q→zz3
= g-É -22 Rqggcz) ( d=L

,
13=2 > ✓

--
-
-
- - - - --

② dnÉeesIfÉs .

B = n- strand positive braid so that a= § is

connected
.

e-s : n --2
, p=6P=ÉII ⇒

I c- µ

with standard MaslowA-§ = ⇐IÉ)
potential M



theorem ( S 4) = ✗=p
>
connected ⇒

D 7- natural action of IGI R Auscp
>

;k)

&
spec OCAuscp3k.IT?---MilpsScsa-k--D

is an iwesul-mdip.ae/wildclearacter#iety
on Ipl with one iwesucau siusulacity at as .

2) Milf
>
) is smooth

,
connected affine algebraic variety

3) The GUY -action respects the celldeomposieion

for Aug (p
>

,↳ → cell decomposition for

Slp-net ripmops> = w micps
, MME > Edt) ✗ k

PGNRCP
>>

I
4) The homotopy type conjecture for Mic §) holds :

I homotopy equivalence man, Cps> = salt
,

a
where I = diuzihcp) .

dual boundary complex
.

-
- -
- - - - - - - - - - -

E p= 5-5-5 ⇒ a-=p
>
= 7,3

⇒ Got A Austro> so>= Ecce,%a⇒Ek*xÑ /
u

d-=cdi.dz) Ecedttelasteca
,>+[ Laura,)⇒]

I. Ect, ayaz,a,>= [Cedd,
,
diecaidz

,
discord
, discard .



⇒ MiGs
>
> -5 spec OCAuscp3.ch)

#

-5 { It Ela,>+Eca,)+ Eca, areas> =o} ,

dim = 2

.

⇒ dual intersection complex

room, (ps)

✓ ? = s'


